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ABS RACT

The advances made in the "development of high speed electronic corn-
puting and aquipment have increased the importance of analytical methods
in precisidh photogrammetry. ...

The analytical treatment of orientation and calibration bf a photjo-

grammetric camera is discussed from the point of" View of the geometrical
configu-tion as well as the' least squares adjustment. The solution can
bm applied to measuring methods in both ground and aerial photogrammetry.
The projective relation between two pqnor-s is interpreted as a special
case of the gen•kal problem, which deaa with the relation bet.ieen the
plane of the plate and the spatially arranged objects.

The solution is suitable for electronic computing devices and is
marked by its computing economy.-2,

i:
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The 0-tcrcooi~opic c.valu.'%tion of' pairO of photograp~ho using universal
precision plotting instruments has'i boo oro an established technique. These
modern photogrammetric methods have by far their widest application in
geodetic work, namely.. in the. tri~angu1Lation of control points and in the
campilation of topographic maps, Desides, in many scientific ins titu bos
and research laboratories, photogrammotric methods are in use *which would
provide a good approach to marvr different measuring problems.* The re-
markable advance in the development of powerful. precision surveying lenses
with relatively wide angle of view and the introd~uction of intercehangeable
glass plates of highest quality of flatness and imif,1sti~on h:1ve made the
11,1dern photogroxnmetric camera with its extreme inner stability, another
tool for precision measurements. The increasing'use of large scale photo-

'' graphs by airbornib cameras for precision surveying and similar application
I of such cameras on the gro-und and in the air for precision measurements in,

nontooga-hi fields have.,made it,,necessary to study -the problem of orn-
entationi of a photbgrammetric cam64ra. and the propagation of residualI.errors of-the process of orientatioh. The error theory Of stereo-photo-

grametnj asalready been discussed V,,sevdral 'authors [e g. (5), (13)1jand valuable det!aiile1 inf ormation on the subject has. been p..ubl'ished
Le'g.. (l1),. (2)1 '(3)] However, these" s.1.udie's. are .limited aim~ostex
clusively. to t1he problem of determining" the_ eitierior orientation of two
approximate~y vertical photographs by means of a universal plotting,
instrument., This specialization is consistent with the importance of

Ithis problem in the fieldA of topographi4', photog~ammetry. However, there"
is an ind.ication that inA the future theoretical photogrammetry must treat
its problem:-not only in connection with certain types of evaluation ma-ý

I chinery, but must continue analytical treatment where in the 'Late twenties
Ithe optical mechanical reduction m,,ethods took over. At that time the

numerical evaluation seenmed too laborious to be considered for practical
purposes. Today the develo~pment of an economical numerical solution o1,
certain photogrammet~ric problems appears. to be within reach with electroni.c
computing,,rlevices.

The continuously increasing precision in the elements of photo-,
Igranmmetric cameras has made the camera the most precise, component in the

Chain of steps leading from the photograph to the coordinate determina-
I tion. Consequently, evaluation instrumentation must enable us to measure

* the plate cdordinates 'of certain points - either for the purpose of ori-
I entation or final coordinatc' determination - with corresponding high

accuracy. It is well knouni t'~at the, monocular or stereoscopic comparatorI de~igned according +-. Abbe's comparator principle,, and used with pre-
cision grid platos for calibration, is an ade~quate plate reading device to

Imeet precision"I"requirements. However, the use of such an instrument c alls
f or computation'\a of the deuired results from the measured plate coordinatcs
by rather complaý formulas and at high speed.* In additio~n to the ra-
quired automatic high speed com-puter an automatic coxgparator reading de-
vice, leading to an automatic computer input 7,nd an aittomatic data out-
put, is required. In view of tho possible devolopmen-4 of small electronic
computers together with other electronic recording devices, these require-

I ments may possibly be met at a cost comparable to that of present day
I V._

0 Bibliography at end of paper.
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utivorual plotting rnaciAnoe. IL is with thesa tiiougits in. m-nd that IJhe
wlv tbical detojmoiarttonr of the orientation of a photor-owimotric camori
treated in detail, since this step is the coameon basis for all photo-
grammnutric measuring methods. 71 addition to the use of independent photo-.,
graphs for special problems, the .tor.eosnopic method may be considered as
a combination of two independent cameras. The geometrical conditions as
they exist between the t-wo bundles of projective rays can be introduced
analytically', by adding such condition, e(uations .in 'the process of the
j analytical reduction. as are given by the functions expressing the relative
orientation, Such an approach seems to be useful for analytical treat-

ment and shows , gain the -Amportanne of the basic problem, namely,'the
I Orientation of the iidividual photogrwumetric cwaera.

. THE PHOTOGEAM4ETRIC POBLEM

ji ,• TL general, the 'iurpose of photogrammetry may be defined as,,the de-
termination of spatial coordinates of objects recorded on selieral photo-

. graphs taken from different points, Consequently, we have the problems
-of the geometric conditions whichil exist for each Individual photogram-I metric camera as well as the geometric ..?lations between such cameras.

" ,Th6 projective. geometrical conditiOns existing between pairs and' tripletsR of photographs taken from different points are the fundamental relations
I :for the process of triangnlation. The nature of this triangulation step

is the distinguishing factor inphotogrammetric measuring methods. The
division is made according to the manner in which the individual photo-

Sgraphs are being combined in order to t-iangulatO the single points of
the model. An error theory concerning the final errors of the coordinates
to be determnaed, or, in other words, the determination of model deforma-
tion will be affeced by the selected method,, The manner of error pro-
pagation in The triangulation procedure depends upon *hether the triangu-.

I lation is performed by intersection or stereo-photogrammetry. I. is also
Sdependent upon whether, the raw material is obtained by ground or )airborne

instrumentation. Finally, it is necessary to distinguish betwee 'a
I numerical and an optical-mechanical reduction. In case of the latter, thedesign char~acteristics of the evaluation instrument and the sequence of

operations during 'the evaluation procedure will influence the error pro-

"pagation. �Consequently, the individual triangulation method applied to the
same raw material may lead tQýýdifferent results depending on the reduction 1"

"Imethod used.

j However different the theories of the triangulation procedures within
tle d.ffebqnt fields of photogrqmmetry may appear, it is evident that all
methods are based on ,ýthe same raw material, namely, photographic records
obtained from photogrammetric cameras. It seems justified, therefore; to
d define as the .und~amentpl pgrocedure for all photogrammetric problems, the

S • orientation of photographs in such a way that each individual photograph . I
will. have the- same orient-ation in spaoe which it had during the moment, ofiexposure. In this coznection, it is immaterial whether the orientation

of the photogrammetric camera is obtained from relative or absolute con-
trol points or by circle readings, or other inot-ruaental auxiliaries, It
is further insignifieant w.hich geomekrie"---bl reduction proeredpre is being

I . ~6
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applied for the orientation and triangulation procedures. Tho, actual
photogrwai etric problem is basically the same as any other measuring
problom: that is, chiefly a problem of precision measurement in addition
to one of exact mathematics. Independent of the triangulation method and
evialuation procedure, the fundamental photogrammetric problem originates
from the fact that during the reduction procedure the ideal orientation
,of the individual camera cari only be approximated. The 'final coordinate
determLiation will, therefore, be affected by the propagation of the indi-
"vidual camera errors of the interior and extericr orientation during, the
process of triangulation, in addition to the residual errors of the platd
measurements of the image point under consideration.

In the following chapters a study is made of the orientation problem
of an individual photograrametric camera and the influence of the differ-
ential changes in the elements of orientatione Both the elements of in-
terior and exterior orientation are considered and formulas are derived
which deal with the different possibilities of orienting the axes of a
photogrammetric camera with respect to a given coordinate sys'tem.

THE ORIENTATION OF A PHOTOGRAMPTRIC CAMERA 1

(1) The principle of mathematical pera-peGtive.

The projective relation between two planes is exressed by the
fractional linear equations:, [e.g.S

"MX+ bjý + c

Ii/ + b+4 1

and\()
Y .) a~ + 02

where

X, Y denote 1he Cartesian coordiviates in one plane

, the corresponding coordinates in the other plane

In equations (1) no pireference is expressed for either of the
planes under consideration.ý Consequently, there must exist a .erond

pafir of formulas which express the reversed solution of formulas (1).

The physical photogranmetric- camera is idealized by assuming bundles of

rays to be free of distortion and the image plane, to be apticalr flat
without emulsion shrirnkage.

J7



They are:a +by CqX+ W•Y + c

0 0
and ( )

-J - "' + býiY + 1

Between the coefficients a o .F2 and a e.ci thereare the f ollrwid
relations a

b• - b'c' ,'.b2 -'bocb" A, ao "a
% 0 At A

5A

-I A' ± aA-a

2 ý b~c b a

2 2 Ao 2

a ' a ba' A

Al A 1C

A' A

b' -bc' blC2 - bcI

AA'At A .!

c2 = AV' 01 = •A-

where

At = jb: -a.Ibb A- alb2 -a 2 b1

The complete symmetry and reversibiLity of the coefficients is the
direct consequence of the reversibtlity of the two central perspectives
involved.

2

2, 2Pp. Tham has, made some a~plination of the reveraibilt,•- of a central

perspective li his papei. (12). ,

rI "" . .. '- L L \
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On the other hand tho re•ations betwedrn the coordinates X,, Y and x, y-,
rospontA.vely, can be expressed by the follculng functions:

x - f•. (., j, ('c), K, v, xo, Yo, ii, SE1, f~, c)

Y = f 2 (;, i ,"pi ), (0 J v, X0, Yo, 1.1, , PIP c)

or (4)
I•X= f 3 (i's'K a, o, 7-,0Y6s H$ ,P. , c)

(i g=(,9, KJ , as X o$ oH iY s c),

and the reversed relations:

' " g , (x ) Y, (K ), K ,J V) ýo 0, 63 Hp ,'•1 . ...... ..

• • =g) (X, YJ (K), V, , x, Yo C,•p )

or (5V'

Y "g (X, Y, /C I a, CO, Xo Yo H, Ip c)

In formulas (,4) and (5) w-e denote (Okee Fil.wes 1 and 2): i

XY the Cartesian a oordinates in the plane at height Z: +,Y is turned
clockwise for 900 into 4,-X as seen from the center ofý,'proJectimon•.

X-f~xf

x~y the\ corresponding coordinates in the other plane xNlogative or
IDiapositive); as. seen from the center of projection•' in the .Negative. Z is turned clockwise for 900, in,"a+,a , and in theDi,',

positive +y is turned counterclockhrise for ý00 into +.7c.

(a ) dwing angle of the arbitrar eiented X9, stem againsti

the direction of maxim~um tilt in the Xys plane".I •:t<

owi:.•ng' angle of the. arbitrarý1ly sretd• Y - systew,"ag~inst
Sthe direction of maxim~um tilt in t~e X., Y -planib" (primary
S~rotation)

SV tilt angle between the two planes (siecondary rotation)

S•tilt.angle component in the'; (X), (Z)-plane (p~rimary rotation)

) tilt angle cto.ponent, in the (Y)s (Z)-plane tilted for a
(seconidary rdotation)Y

Sswing angle of the arbitrarily', oriented xy-system against the

or o

S.. . .. . .. . •., ... I __ • . - . - .. .. .....<• ' •-. . . .... ' . ':. .. ...... . -'• •" • ... .. . . .. . ... • . . .. ..... . . ... '• - •• ., 1/
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Xo, Yo) H relate the center of projection to the X, Y-plane at height Z

x y , c relate the center of projection to the x, y-plane

x and y are tAle c iordinat.es of the principal point P; c denotes the
l pp
principal distance - or so called camera constant; x3, and c are re-

"ferred to as the elements of the interior orientation. The other para-
meters denote the elements of the exterior orientation.

A comparison of the formulas (1) and (2) with the corresponding
for*nlas (4) and (5) shows 'that we have nine unknowns in the latter ones,

.,,o.0 0 H, x yp

or

a.. ,X, Y, H, 1, y and c

and in the former ones only eight unknowns, denoted .by the coefficients,

a0 , a1 , a2 , b0 .ý b1 , b2 , 1 and c 2

I I t I I I I f
ao, a,, a2 , bo, bl, b 2 , cI and c2

' Consequently, the relations expressed by formulas (1) and (2) do not
give a unique solution but there are o possibilities to bring the two
planes in projective relation. This fact has its peometrical explanation
in the set concerning the rotation of the center of cbllineatiop[(13) page'
259 ]. Figure 3 shows this principle as it pertains to our case. In crder
to establish a unique relation between the two pllane,s', additional infor-
mation is heeded. v. Gruber in (5) states that the unique solution can
only be obtained if one of the elements of the interiororientation is
given. In view of 'he reversibility of th), problem under consideration,
this statement can obviously be, enlargAd' in as much as any one of the
linear parameters X3, y, c, yXo Yo, H is :sufficient to make the solution

unique. In addition the'ýýtilt angle v is siufficient to fix the mutual
situation of the two planes. From Figure 3 we see that the axis of ro-
tation (A) and, consequently, the direction of maximum tilt'in both planes
is the same for qll .l possible 6olution~i. Consequently, the angles (0c)
and K, which are defined as the swing angles of the' arbitrarily oriented
X, yand X, Y - systems against the direction of maximum tilt in the
corresponding planes, must be constant for allo-1 possible solutions and,
therefore, must be functions of the coefficients only. v. Gruber in (5)
-gives Vie, formulA tan (-) & a/b which leads, 'with our notations and

forzmulas (3), to

cot () a2 o aob. (6)
o a' b0 - alb°o,



and, as shown by P. Tham in (12), s.ing thc principle of reversibility, to

a a2bo -aCb2
cot K - 2o,, (7)

a b aIT

In addition we derive from Figure 1 the following formulas expressing
the relation between the components of rotation:

sin w d)in v sin K

tan an tan v co K

sinmc sin a cosec v or cotx- coo v tanK - sineo cot a

where (K) -K -Ax- 900

and cos v -cos acos W

tanK - tan ( cosec a (8)

Formulas (8) combined with formulas (6) and (7) show that instead of
the tilt angle v any one of the rotational components a, o) or K similarly
will be sufficient to determine a unique position of the two planes. It
is now obvigus that in case arnr On3 of the following variable parameters

P, X P• , , , y p, c, X0 , Yo, H is given the remaining parameters of

the solution can be expressed as functiors of the given parameter and the
eight coefficients.-• .

In photograumetric problems the camera constant, denoted by c, woild
be the parameter most likely to be given or at least obtainable by an In-
4ependent cameral calibration.

Halonen has giOen in (7) two formulas which express, for the case,;
that c is given, the H1 cootidinate and the V angle as functions of a anid
the €oeffioients. Using onice more the principle of reversibility and
formulas (3), we obtain from Halonen' s fýormulas the modified and generalized
relatienO

•, /'2 +0 2o. /

:H A O, o 0 ÷

and

H2.1;. (10)

'__ !h - ,

• ....•,,• 7• : ' -,. • <• s .l... . . . . . .• .. . . ..... .. _,;• y _ ... .. . m ,t . ..... . .' . ..- • • -•~~~~~~~~ ... . . .0•,,, ••. -.. ...... .. .... . . .



aard

'2 '2 2 2a .b aRn v oo H oo

a 0 .0  A 12 '2I 0 I
where A and A' again have t'"e meaning as used i4 formulas (3). The re-
maining four unknown parameters are the cooorinates of the centir of pro-
jection projected into the X9 Y - plane and into the X) • - plane, denoted

0 0 p p1b XY andx, p respectively'0

From Figure 1 we read

S -Ii H tan1 cos K _(12)
Yi - H ta f sin K

and again from Figure 1 or by using the p:inciple of reversib±11ty I
'P xi m ictan . os, (P)C

. n( ,'

In' formlas (12) Rnd (13) Xi Yi and xl i denote the ooordin&•tAs of the

is~centers I' and I in the X, Y¥-plane and in the R, j-plane, reepIctivr!y ,As limay be seen from Figurb 3 the isocenters remain constant for, all.0,0 apcasible arrangements and, consequentlyf the coordinates of these ointas

are functions of the coefficients only. v. Gruber in (5) gives for L T
expressions which are in our notation

(al + b 2) bo (a2- b) ao(a 2 -b) .b(a1  b 2 )

a0  b a00  b0

and$ consequently, the reversed relations are

ci (a, e b 2 ) , bo(a 2 -ý1b) a0(a ÷ b o( * bo( 2 )

""'2 '2  
.2i '2 Yb' 2

0 0 o 0

Applying formulas (3) to (14), we obtain from (12) and (13) after suitableI
ltransfornations and using again the principle of reversibility:

,..I..15iI



= aoaa + bb 0 1) 1 H2

0 a2 b 2 2
o 0 0 0 0 (l 5)

-ba ÷, bob liA2 112

Y L 4, b' .

aa'a bb'b " A2= , 1+, 0 ++ b' .C
a' + a 2) a + b

0 0 0 0 ., .0 0
al I I' 27

+i (a6)
-p a t + b t 'It +2 2I a 2 b

- o0 0

By means of the derived formulas all element of orientation may now be
determined, namely (K) and.K are obtained from formulas' (6) and (7), H
from formula (9.), v from., 'ormula (11), its rotational components a co,
IC from formulas (8) and'the remaining parameters X•, Yo, ,p' and.yp from
formulas (1).and (16). .

be`pite the claim of some authors3 that the prescribed approach give'
a method of maximum accpracy for the determination of the elements of ori-
entation, these formulas have a serious limitation. Not only are the

formulas correct cilly for the mutual situation of two planes, but -they will
fail in the case that the tilt angle v becomes zero or 1800. In practical
photograram-etru Y, however, Ithic ca. . is the+ 'mo.,•t• important one for aerial
problems. Moreover, it occurs in special'capes of ground pho1ýogrammetry
as well. Even ,,though in such cases v • 0 Ci 180 0, the tilt 4hgle may
approach these values, so that. the numeric 4 computations with the above
derived formulas become idnreliable.

To study this problem further we will firstl express the coe fficionts
as functions of the elements of orientation. Omitting the derivation!:
given in the next chapter of this paper, we obtain from formulas (45)1. to

(h4) by comparison with the formulas (1) and (2) , for the case of two
planes:

(a) for the unprimed values: '

a = cop() tan v tan a sin K + tan a sec c cosX
a0 -D___

_ siA(K)tan v -tan w cos K+ tar. c. sec 6c sin I
S(17)

aZ (-cos(,k)cos K+ sin(0)sin Ksec v + c cos (K.)tanm v)

0

Z -Z n tan a tan - cosKseo cC) + (si~n•.an ,c 4 cos/tan + sec

D ;

'e.g. ft...llalonen in (7) pageslh and 18.

16



Zt7
b (-ain($C)oos K-. cos(k)sink.aec v + -~-sin(AK) tan v)

00
coo xxa otnq snKsec

xx

+ ( -n~Cos, 9 ano + c ()sin X, te sn~an a eeCO

C:c ta9 (ta v sin~ + t0

a2 ~ ~ 0 O~-.(-o~c si OO O X -i('~o Is~c) si + c V. cos()tan v).

00

*~ 1 1n- (-i(P. +csc o Kscv+z sincsV)tan v)

m' '"-.- i Kcosane atao)+0 ('Cos /CtsenCO s ,Ac tan "m +c 0' ) tnI

00
z-z- y

a I~ ~ (-co i(/c~si n K s in(kc)cos K ,11 sec v + - OSKta )

+ si sea (s inA}K1ntan cosKcJ + csc X tal a see~~ ta0 )
00

z/Z 17



c c (tan o soc a +

2 0
(17) cont,

+_ [sink isec a-02 (sin K tan o+ cos tan a•,see c)]

V.

Sy<-cos sec a - -o (-cos i tan ( + sin /c tan. a abiec

where

D To c - tan v cos (K) + sin(k)

Sc - ; tan co sinýxg + tan.c sec ( cos A )

+p (tan co cos c- tan a sec w sin ')

and (b) lor the primed values:

a cos K tan v tan a

sin Ktanv tan w secaho DI ,, - 5
,x

a = (-cos K cos(k) + sinX sin(/c)sec v + 2 c os K tan v)

x (18)
c (-sec co cos K + tan a tan,',o sin/:,+ ctan a)

b' = •-r (-cos K sin(x)sec v -sin Y Cos(K) + -p sin K tan )'

x-,(-see a sin -+ tan co see a) .

C

C+y Y(Sia K Cos(K) + cos K oin(c)sec v - csin Ktan v)

+" (Z-Z0 )(i:,an v COS(K) + ~2)j

18
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le C (see coCos ctana tan co sin/C-.tan a)
0 CC

+ Yo(sec a sinc - -c tan ( sec a)
0 C

+ (Zo )tanaseccocos/K+tancosinK+

at =, (-sinK cos(x)sec v - cosK sin() +Z cos K tan v)

CC
I (-tan a tan o: cos K - sees- sing ÷+ tan a)

C

CyC~ (cos K, c05(x) sec v - sin K sin(P) + -~sin K tan v)

SO., (sec a cos x + tan o( sec a) (18)cont.
C

c= t, [Xo(cos K sin(x) + sin N. cos(x)sec v -n cos K tan v)

+ o(-cos K coS(K)sec v + sin K sin(x) - YP sin K tan v)

+ (Z-Zo)(tan v sin(e) +Y]

m0 ,Ct

"O Eo n a tan co cos ic + sec ca sinec- : tan a)

+ Yo(-sec a cOS K - tan co se a)
0 C

+ (Z-Zo)(-tan ca cos K + tan a sec co sin K + ClI

where

D' = (Z-Zo) -X tan v cosK - Y tan v sin K

= (Z-Zo)-Xo tan a -Yo tan co sc a

For v approaching zero or 1800, or in other words, a approaching zero

or 1800 and co approaching zero, we see that ao, bo, ag and bo, approach

zero. Formulas (6) and (7) render undetermined expressions for (K) and K

"of the for m , which is obviously explained by the fact that for v - zero
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or 180° there is no longer a defined direction of maximum tilt and, conse-
cuently, the swing angles (K) and K become meaningless. In the same way
the formulas (9), (10), (11), (15) and (16) fail to give a determinate
answer. These facts lead to two conclusions. -

First, it is necessary to present the orientation problem in such a
way that the parameters involved can be so arranged that for the majority
of practical cases they maintain their significance independent of the
geometrical configuration. Such an approach will not only help to simnlify
the problem but must be considered as necessary for a general analytical
solution. We satt -fy this requirement by relating the orientation problem
to such rotations as expressed by the a, ca., K -system. The relations to
the v, K, (K) -system, if desired, are givqn by fo.rmulas (8), geometrical
conditions permitting. Problems of aerial photogrammetry and special
problems of ground photogrammetry (for instance, trajectory measurements
where the optical axes are within a tilt v from 00 to about 450 ) can
always be expressed in tha. co -system. There are a few cases of ground
photogrammetry so characterized that for tilt angles v close to 900 the
optical axis may point close to the direction of t Y-axis (K- 900 of 270o0).
In such cases c becomes ambiguous. This difficulty, however, can easily
be eliminated by first rotating the original XYZ-system 900 or 2700 about
the Z-axis.

Second, we express the orientation elements as such functions of c and
the coefficients that the formulas do not render undetermined values in
case an, bo, a•, and bo become zero. From formulas (17) and (18) in con-

nection with formulas (3), the following expressions may be obtained:

C 2B 2 (a a + b b)+ B( ~+ b + c)
0 -2 2 2 22 +?c B (a2 + b• ) + 1 (19)

0 0

c B (a a2 + b b+ B~ 2 + b2  2

where

B1
1 + a + b

and 3E_ H 2 I(o o +bY 1 c
S(20)

anH2BI 2  + 2 I + 1)

0 0
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where

1

010 0 0

Furtlir:.

11  c . A (21)
3)

and

cB13NA/4 (22)

where

AJ' = (ab 2 - 'a 2 b(alb- a2lbI) = (l+aoc{+bocý) = (1 + a'cI + boc2 )

tan a =a I'M (23)

0 1 12]-1/2
tan co bOHB cos a = bt IH + a', I (24)

aYo - a 2tan 00 (25)

b2 - b0o0

For Xo, Yo and y, respectively., formulas (15) and (16) cannot be

changed simply because for a a 00 or 1800 and (o 0o, not only ao, be, at

and b' become zero, but a,1 b2 , aj a bý andb, a a2, b a a+. Hence,

there are only four independent quantities in formulas (1) and (2), i.e.
the solution is a 3 undetermined. Obviously, therefore, the center of
projection may have arn spatial position. For c given, H is determined
as may be seen from formula (21) since B and BI become 1. Formulas (19)
and (20) show that in such a case two further linear parameters must be
given, e.g. Xp and jp, in order to fix the position of the center of pro-

jection in space. This fact must be given serious consideration in the
computation of the spatial resection problem from vertical photographs.
The computed elements of orientation will have physical significance only
if the elements of the interior orientation, denoted by c, x and p, are

inderendently determined from a camera calibration. Hence, in such cases
we deal with six degrees of freedom only. Consequently, the relations
expressed in-formulas (1) and (2) are not independent. Two condition
equations must exist between the coefficients. The same problem exists in
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the case of. ground photogrammetry4 where the position of the center of
projection Xo, Yo', Zo is usually independently determined by geodetic,

measurements in the system of the control points. Hence, again only six
degrees of freedom remain. Again the relations expressed in formulae (1)
and (2) are not independent. The condition equations for the unprimed
values are:

aobo + alb, + a2 b2  0

(26)
2~ 2 24 2 2 2

%2+ a+ bo-b - b 0

and for the primed values:

aa• + b'b' + cjCl = 0

(27)
2 t2 + c,2 2- a 2 - b12 - c 2 

- 0

These condition eqaations must be included in any analytical solution,
either unique with three points or overdetermined w1th n-points (n > 3).
The nmknown parameters mWy be. expressed from formulas (19) - (25). In the
case of ground photogrammetry we may arrange the reference coordinate
system so that X0 O'= 0 and H = 1. Thus we obtain the follcwing rela-
tions:

P a•2 j+bb+c (28

aa a+ b 02 + I
p a 2  - 2  1

0

1*31 I
(a' "b'r +1t(i)

CLa/b aab.) 
(1 . aox- +kalb2 -a~bl

=[ 2b 0~{~ a-~1  b 1  /4,

(1 + aoC + boC; l )
l ~~1t;, : . ....... • "a ' ... .. .. (31)

0

tan (t) bo(ao2 + i)"1/2 (32)

"4 Compare (1).
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-a2  a Ic' - a'
o2 2 0

ta - b2  (33){

Formulas (28) to (33) are especiaflly suitable for the calibration of
a photogrammetric camerap e~g. by means of star photographs.

(2) The principle of mat~hematical projection.

The limitations of the treatment as given to the orientatý-on
problem of a photogrammetric camera in the preceding paragraphs are ob-
vi~ous. The assumption that the problem is concerned with the mutual
situation of two planes is in general justified only in special cases Of
non-topographic photogranuuetry., e.g. an ideal case is present when stars
are taken as control points.* The solution with plate constants is'quite
attractive for the analytical approach. However., such a solution loses
much of its usefulness if., as generally in ground and aerial photogranmmetric
problems., the existing condition equations must be introduced. It becomes
a-most worthiess if additional parameters of the solution are given, e~g. from
instrumental readings in the form of dial or level settings. EFxrther, it
will be shown that the analytical orientation by a rigorous least squares
adjustment i3 by no means more complicated if the elements ofL orientation
are used as unknowns instead of the plate constants-* On the contrary., the
solution loses its complexity and offers the possibility to compute in the
most econamic~l. way, by allowing the reduction of the number of unknown
parameters by simply setting the corrections & for the gi:ven parameters
to zero. The computation of 'approximate values for the unknowns of the
solution is simpler if quantities are used for the unknowns which have

eaiydefined physical meanings and which may become diectly available
from instrument readings or calibration procedures* For a rigorous least
squaresi adjustment, approximate values become necessary in both- solutions
(plate constants or orientation elenaents) because the observational
equations are always .non-lin,?are Considering the general. case~we must r~e-;
member that the determination of all nine unknowns cannot be made if the
control points are located in a plane, regardless of the number of such
points available for the solution. In general_, we-.may say that the bundle
of rays which is being reconstructed by an analytidal or geometrical.
process will only be close to the original bundle within the limits of the
space defined by the control points used in the reconstruction. In case
we intend to compute the actual physical orientation elements of the.;
ca~mera~we must either determine at least one of the nine mentioned para-ý
meters indepehdently with sufficient accuracy or else the c'cntrol points
must be sufficiently spread in all three coordinates.

We introduce now a spatiall rectangular Cartesian coordinate
system - (X), CY), (Z~lain such a way that its origin is the center of
projection and its orientation is consistent with an arbitrarily chosen:
XYZ-system. Further., we consider the interior and exterior orientation
of a photograph simultaneously,, that is., we consider the photogra~h in
.its spatial positions Consequently., th-:ý plate coordinate system xp y
will be introduced as another rectangular spatial system with its origin
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also at the center of projection.5 Tie plate is nowv intro.uced as a
diapositive. (Figure 1.)

0 is the center of projection. Its coordinates are denoted by Xo, Yo,
Z . In 0, we establish two rectangular Cartesian systems. The (X), (Y),

(Z)-system, denoted as the station system, is expressed by the unit

vectors, i, j, k. In this system, a spatial target point 1 is determined
by the coordinates (X), (Y), (Z). Its image point r is denoted by the
coordinates u, v, w, respectively. The other Cartesian system expressed by

the unit vectors 1, A denotes the camera system. Its orientation,
rela tive to the station system, is expressed by three elements of exterior
orientation denoted by two position angles and by the swing angle of the
fiducial mark system (,3). The two position angles are K and v or a
and co, depending on the arrangement of the rotation axes. The corresponding
swing angles are denoted by (K) and K respectively. (Compare Figure 1 and
2). The length of the plate perpendicular - thp principal distance or

camera cunstant-is denoted by c. xp and yp are the coordinates of the

principal point P in any rectangular plane coordinate system established
by fiducial marks and denoted by x and 7. x and y are the plane plate

coordinates of the image point r in the oriented xy-system whose origin
is in the principal point P.

Further, we introduce the image vector r and the object vector R,
wh.ich are expressed as follows:

r -iu + jv + kw- ix + jy + "Cc (34)

and H i(X) + j(Y) + k(Z)

Formuoas (34) express the entire orientation problem of an individual
photogrammetric camera. For the practical application it is only
necessary to derive expressions which will transform the triplc vectors

i, j, k into the triple vectors 9, %, and vice versa. The transforma-
tion matrix w.hich exists between the two vector triples may 're w¢ritten as

A A A
I J k

4 A &

j (35)

k 1,11 k^ I

5. Compare (8).
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The individual transf or mati on
matrices ar6: fLor a rotati-on ir-K,
denoted temporgrily by an asterisk

()for a rotation, in v-tilt,

A'

A A

i +cos K -sin K, 0l ~+COs v 0 +sin v

+g(i-i~nK +cos K 0 Q 1 0 (36a)
Ck l0 1k_* -s:Unv0 +Cos V

J'

"f or a rotatlan in a-tifit denoted
temporarly by an asterik 1*) for a rotation in co~tilt,

k Iv*
'N.........

A A A

-o i-~ - ~ j k

+ c dco az 0 +nin a 1*0 0
(3610)

0 J 0 +COS +sin to.

k sna Cscat * 1* 0 -sino *cos o)



The individual tra'nsformation
matrices are: for a rotation in K,
denoted temporarily by an asterisk

for a rotation in v-tilt,

i* *•
k

A A A
i* .j* k* i k

i 7+Cos -i 0K 0 i /+COS v 0 +sin

+ +s in +Co K 0 J*0 1 0 )(36a)

k 0 0 1 * -sinv +CosV

for a rotation in a-tilt denoted
tmporarily by an asterisk for a rotation in o s-tilt,

k*
w

A A A

_________ ~ :::: :~ (36b)

k (-iii a 0 +O *( snc 080)



I

The combined transformation
matrices are: in the v,
K -system: in the a. w - system:

A A A A1* k S
k i k

Ilkcos K cos v -sin.K +coosKsin vi (+Cos a -sina sin ca +sin a cos co

k \ sin v 0 +cosv -cos sinco +cos a cos

or in the K , v -system: in the a, c - system:

A A
i w+i cosKcos v + sinKcosv -k sin v i +i cos a 0 - k sina

A A
j w-i sinK + * cosK 0 J -i c sasin cJ csco- -kcosa sUiw

A A.
k = +i cosK sin v +j sinKsinv..+k cos v k +i sina cos c + J sin co k cos a cosca

The reversed relations are: (37)

1 a +i cos K cos v - j sinK+ k cos Ksin V i -i COS a - jsin a sin ca÷ k sin a cos c
A A A A A

J =+i sin K cosovsi+K. k cos Ksinv i- ic+a j coas nco +k sintos

A A A A A
k - -i sinv 0 + k cos v k - -i sina -J k ca sin co+kcos a cost

With formulas (34), we obtain, in the

K ,.v - system:
A
ix = + ix cosK cos v + jx sin cos v -kx sin v

y - iy sin + jy cos K 0

A
ke +incj0os K sin v 4jc sinK sin v +kc cos v

a, wo - System:

ix = + ix cos a 0 - kx sina

A
jy a - iy sin c sin o + jy cos w -ky cos a sin 6&:

A
kc - + ic sina cos w + Jc sinm w kc cos a cost
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Consequently, we have

r- i(x cosKcos L - y sinK+ c cosK sin v)

+j(x sinKcos v + y cosK + c sinK sin v + k (-x sin v+ a cos v)
(38)

O:

r i(x cos a - y sin ' sin o + c sin a cos co) + ,(y cos o + c sin ca)

+k(-x sin a - y cos a sin w + c cos a cos co)

Again from formula (34)

for the K, v - system:

A A A
iu - +iu cosKcos v - ju sinK + ku cosK sin v

A A A
Jv - ÷iv sinKcos v o iv cos K + kv sinK sin v

A A
kw -- iw sin v 0 * kwvcos v

and for the a, ca - system:

A A
iu. - ÷iu cos a - ju sin a sin co + ku n a cos o

A A
Jv a 0 + jv cos ) + kv sinoo

A A A

-kw- -iw sin a - Jw cos a sin cu + kw cos a cos co

or

-~ A A
r = (u cos K cos v + v sin K cos v - v sin v) + J (-u sin K + v cos K )

+ (iu cosKsin v + v sinK sin v + w cos

or (39)
A A

-• i(u cosa -v sina)+ J(-u sin a sinow+ v cos w -wCosa sincw)
A

+ k(u sin a Cos co + v sin w)* w co3 a Cos 0)

Consequently, again with formulas (34) from formulas (38) and (39) in the

K, v - system:

u =x cosKcos v -si nK+ c cosK sin v

v x sinKcos v + cosK+ c sin K sin v (40)

Wi" -X 5 V + C COSV
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a, C- system:

u = x cos a - y sin a sin co + c sin a cos co

V y COS CO + C sin CO (40) cont.

w = -x sin a - y cos G sin w + c cos a cos w

or correspondingly in the K , v - syzPem:

x = +U cosK cos v + v sinK cos v - w sin v

y = -u sinK + v cos K

c = +u CosK sin v + v sinK sin v + w cos V

and in the a, C - system: (h1)

x = +u cos a - w sin a

y -u sin a sin c + v cos a - w cos a sin

c - +, sin (t cos w + v sin co + w Cos a Cos co

The coordinates (X) and (Y) for any point along the vector R for a certain

elevation (Z) are:

(X) = (z) )

With formulas (40) we obtain:

(x) = (Z) (xcosK cosv's•nK +c cosK sinv)
-X Sin V + c Cos C

(Z) (x Cos a y sin a sin w + c sin a os t)

-x sina•- y cos a sin c + C COS a' COSW

= (Z) (x sinKcos v ÷y cosK + c sinK sin v)__
- x sin ÷+ C Cos V

- x(Z) (y Cos cia+csinco))
a - y cos C sin co + c cos a cos co

Further, the object vector R may be expressed by

. R = gr and consequently (X) - %U

(f) -*g

(Z) = pLw where L is a scale factor
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From Figure I we obtain r k= k-c, a.- with R. k - r - k and con7
sequently p R -c-, from formulas (34) and (37) we obtain

S'(X) cos lsin v + (Y) sin K sin v + (Z) coo v
c

and from formu'las (41) and (43) we obtain for the v , V - system:

x c( + (X) cosK cos v + (Y) sin K cos v -(z) sin v)

(X) cos K sin v + (Y) sinK sin v + (Z) cos v

c ( -(X) sin K + (Y) cos K )

(X) cos K sin v + (Y) sin K sinv + (Z) cos v

and for the a, c o- system:

c (+(X) coo a- (Z) sin a)
W() sin a cos to + (Y) sinw + (Z) co0 Ga coo a 414b)

Y. c( - (X) sin a sin co (Y) cos wo - (Z) coo a sin w)

(1) sin a cos w + (Y) sin c + (Z) cos a cos w

Further, from Figure 1:

(x) - x - x

(Y) - i-

(z) - z - z

for theK , v - system:

x - - (i - :jp) Cos (Kc) - ) si (ic)

y--(i - jr,) sin (K) + (j - j ) cos (K)
for the a, Co - system: (4hc)

y - - (� - •i p -n -. (• -x) Cos,,,
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THE RIGOROUS LEAST SQUA&ES ADJUS-PINT

The numerical solution of the orientation problem and, consequently,
the least squares adjustment for an overdetermined solution may be based
either on the formulas (1) or (2), (45) or (47) and (46) or. (48). In
order to derive the advantage offered by formulas which are most useful
with respect to the geometrical configuration, we will only consider the
a., c,/C-system, thus eliminating formulas (45) and (47) from further
consideration. Furthermore, we must consider the fact that the presence
of more than one observation and, therefore, more than one residual in
a single observation equation calls for the introduction-of additional
weighting factors, a fact which complicates the numerical work consider-
ably. Consequently, formulas (1) and (46) are less suitable for a
rigorous least squares adjustment when the plate coordinates i and f are
measured. Hence, formulas (2) and (4 8 ) seem to be the most suited ex-
pressions for a least squares treatment of the orientation problem.
There is no special need for a numerical solution based on formulas (2)
which express the mutual situation of two planes only and, thus, are but
a special case of the general solution which is expressed by formulas (48).
However, for the sake of comparison of the numerical work, both solutions
are derived in the following chapters.

(a) Least Squares adjustment based on coefficients as given in
formulas (2).

The observations of the plate coordinates with reference to a
fiducial mark-system are denoted by f and [I, corresponding to the R
and y axes, respectively. The observational (residual) errors of these
observations _-e denoted by v and v': hence,

(49)
- f' + ,,,.

The observation equations are, therefore:
VaX + bY + 1

S0 (50)

V1 = aýX+ bFY + cI -,

With approx~mate values* for the coefficients, we have:

aj o ajo + A aja 'l=a.0 +Aat 00+&
0 0 01

bi = bu ° + Ab{ bt = b' + A 0 0 0 (51)

1 101~~~~ ~~ o l c 1-c AC 2

* Approximate values are always denoted by (o).
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tand the 6tservation equations are:

v4l 'a" X lY Aaia + YAb{ A Ac{ - fXAaOI - ftAbf'-Af
+ b

v'I(l + atX OI bY) XAa3 + Y~bý L Ac~ I fX Aao - f IY,!b~ I -

wherejo

-At1f all X +b'"Y c I f'.+ at 0X +ýbgY)

a2l + 2to~ + 1- 11 a' + b+oY

Both observation oquations have the weight

P (1+ a' + b' y

These observation equations lead directly to the cqrrespondi ng normal
equafions. However.,to reduce the numerical, computitions it is advisable

"to e liiinate Ac{ and AcL7 by f~paing reduced observation.,equations.

'j ~ve:.,b
Qx +~. Abfa 0 +L. ,A b'

n n . n 0

A~ct - Aa, Ab + [f'L 6b' to'r + C___
.1 n 2 n 2 n n

and the reduced observation equations are:

Cza a + D*.~* b

with the weight p (54)
pf AALa' + BzLb2ýý+ C'Aa' + DIb ZW I~i

00
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I

where 
.

n

B =Y. CY]
n

+ n
_L1 -Aft'

f -- -c - f',x + •x_].

n -t

These equations l-ead finally to the system of combined ncrmal equations:

La\ A , •Aba A.l b Aa." Ab. L

[rA] +[ + B]. 0 0 :+ýAd] + F[P] -AJ- 01.

-0• 0 [p130] +[, r, 0

[rA] [pB] + [pAc( + +[piiDj 0[A~]

[[• P ]• [p1,C 
... 

, o

C +K"j pcD + pC'D'J -pCliýp "i U

[PD+pP ID ] [pDLI 4 D. L vi

[PLI, + PLtL T\", 0

After the unknowns Aa', Zb a" b I , a, a' ad A b' are determined,

S .Ac .and .€ý' are obtained trcra f Kr nula. (5"3) the residuals0 p and f rom

formulas (51) and v and v, from formulas (55)., The f-nal cocfficients are
no 'ed f~pm formrul~as (51). Duing the coputations we have the following.

checks: CpApO + rpAp'. 0, .p1p ] ' [pf.'J. = 6,, et. ant.d Cvv+ [viviJ,
rpppJ + C[p' oij - ~••LpT~L.6J6 The final. check is made by means of forp.ulas (2).

Thecomputed 2 and y values must be in complnte agreement with the alajusted/

observations ( £ + v) and ( f + v'). _If Lhe A -,values are large, iteration

becomes necessary due to the neglected second order terms.

The mean error of unit weigh-t of an IoboeJved plate coordinate is

- (56)

3 •21v
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The mean errors of the coefficients are then computed by multiplying m by
the square root of the corresponding weight coefficient whluh may be obtained,
during the reduction of the normal equation - system, by applying the indirect Pf
solution using, e.g. the msthod of Cholesky, E. Anderson or H. Wolf. If.later
the elerAents of orientation, are computed from the final coefficients with :
forMilas (6)'- (il)"and (19) - t1eerN.;.,51 And the corresponding e-.•-o ae-'-

qiired, it is necessary to compite each of these as a mean error of a function
t F of the Wiknowns. or even as a. ildan error- of a function of fun~tions of the ýjil

unknowns. The nece' aryweighting factors may in such a c~se also be obtained
f during the reduction p'roceso of #2e:-normal equations by, carrying additional

"dF - columns. If the b6ements of interior prientatiQn are givcn,, generally
in aerial photogrametry, o` if thl'icentep 6f projection 'is known, as is in
general the case in 'goufld .photogrammetry,. there are only six degrees of
freedom present and, consequentl, in addition to the formulas (50), the
qdxis~ing condition quat*ions (27) muit. be introduced in the least squares
ridjustment. 'By means of the appro;d~mate values and the Tayl'or series%

!ineglecting terms oT second and higher order, we obtain 'from f0•imulas (27):
S...iaj *!af a~ a+b 3 + b lfn bI" + oc + c'0 A , +

12 ?1• •

where X aI a2'+ bV b, + bl , + c.

11 Ac...2 (57)

.0here 0 2 2 2 02 2 2where',2','(° +b-° c. -a2 .b!° =c•°)• .

For ease of.'computing, the approximate Values of the coefficient6s should
be chosen in such d way that they satisfy th6 "condition. equations (27')," thus
making' both 1 and X2 equal to zero. This case only will be consid red.

The f61lowing-e-pressions are helpful1 for this step.
"1 "___ __.__ _ ._ _-___ _ 2 2 2 ,, 2 - 2-,

1 =- 1.(c2 +'bt 2  2 ,'12 2 c (2+b1 2-c2.2"-b2)2 + lc2 Y+blbt2 ÷ lc22a ' = b2 2 1 2
ClcC2

2b
"a2'

a2

Afte4 s.uitable transformations we" obtain from formulas (57).

',t- n al"Ab' + b' b' + c' I c' + d' LCet1 2 1'2

24 1

.. (5,, .. . .-



0 0 0

a22I 2~ 1'' a1 k2
a UY s

a + -a'.t +-t 0  Aa). 2 (59) a.

albI q,

0 0 0

0 i a -Xbob 0 a A ~ C

- ft~bto A I41

II 0

These oservationý eqwtions may be written as

where -i

A mY + Xal

D Xbt

D Xd1

F F1-f

a.0.+-' .OY + 0 at t(1 + a '0X + b~t0Yýr) 1
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Both observation equations havd: the weight .

,'( ÷. a" + b' -'r
0 .0/

and "' *.

". I

The observation equations (60) lead directly to the normal equation system.

1b AC Aa' b' b A
b/2 /c' 0 0

0' + pkc+pBD + [pAD -p13] + JpAi-pBE_ + [pAF-pBFý p -BJ

- pAT-pBC] + [pAC+PB3D + [pE+pAE.,J + [pBF+PAF] -[pBAK, +pA Ali]

w ~ ~~ -oY' ,

"["CC;+ pD- D••I÷ 0• D + [p÷•'E -r :[•'÷• -P04Nf •¢.

[EE÷pEI,] + [p'F'pB 1 -E-E f+PF,' zi•.

This system offers an advantage for numerical computations because only
. twenty-two of the twenty-eight coefficients mlst be computed. After the unknowns

6Ab, •b, Ac{, 60 , A al, Abol are determined, Aall ar.d A al are computed from
_0 2

:formulas (58), and the final coefficients frdn fo•rulas (51). As a first check the
,,computod coefficients are'introduced in the condition equations (27). In case the
A -values are large, iteration becomes necess•ry before the condition equations are
sufficiently satisfied, due' to the neglected second order terms. The residuals
p and p' are computed from formulas (60) and v and v' from (61). Mhe adjusted
observations x and y are obtained from formulas (49) And tho final check is carried
out by computing"a !set of x arA y coordinates with the final coefficients and
formulas (2),. These values must agree completely with the adjusted observations

+( ÷ v) and y -. ( 9' •. '). During the computing a further check is made by
means of -' ,

* -[v, ~'[vw~] + [P~f A'1 -

ami [.Ap]. [p]- P ' - o, [p]p] + [pA']= o, etc.

.37
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The moari error of all observed coordinate of vunit wairhlt is

m + [ +~ v
2n 6

The acoput~ation of the mean error of t1~eoefficients must be ~carried
ouat by the procedure g'ivep On Page 34. 'tThe elements of orientation are
computed from Ath fi5 cofiinsWj4h-formulas (19), (21), (23)
(25) or, (28) - (33), respbctively." The,'.xnean errors of tihose quantities

A musu again be computed as mean errors ot. functions of ithe unknowns as'

AV explained, ab ove',

(b) Least Squares adjustment of the general s Li.,Aion based on
tovmulate (48)&

The observation~s of the plate coordinates with refe~'ence to. at
A., arbitrarily oriented fiducial. mark --'system,,ire again d 1\no~ted by" f" id 'f'

correspoonding to the x and y xs'eoetvly. The ob'pervatiorial'
errors. of 'these observationas are v and' v'. Henca we have again formulas'ý

'7 (49)' "N

Fo.formulas (48) ive obtain the observatipA Aquations

)A-X +D (7-1 )B+ (fZ-m7.0 )C

'N [(X-X )A + (Y-,Y,)BI (%-O)i = '

j4here

ýiA =1cos a cos XC+ sin'a sin tosin K A' u-c,8a sin K sina sin o Cos~

B iu co sin K B, Co in (05Cos5,X

'-sin a, cos v + cos a "sin co sin.< CI: sin a sin x - co0' 'a sin o- cod,,.

D1) sin a cos.c (0'

Esinto~

' cos a Cos (a

381



From _'L ., sion for tho rig.ht hand -:I ,vn

Shave, -o ooinna ters e ddi,,

" .. -;, "Z'. .."- •-r"• 4- s A {.o p . ( 5

whre-Af9 11 of s-A ndt -

k and ft-are coiriputud w$kth formnulas (6h) and the aot.roximate vaiues•- f~or
•.. ~ ~w),ich. "';

=XO +AXo c o0

S==+ Aa Xo -- A + A c Z\ x,

d0 0

0P 651 -

o ~ +-4cA o X I0~c+

0 pv p A) (66).
0  +~~- Z+

0 0 0 . +A Pthr e. - 6pf.xf9 -A te vaue (6) I

an ,, dai tw tse oducn form ulas)nd ( (8), the observation equations (65) may be
0 0

11, " a f I -L --X + A oo xj ] + c
0000¾0

-O

) vo + -co Yo = ( ,o_- + o Ao 7- xos + A x (66
101 0 o

Ac Z '

I,,: o -

0 0 p P '
oý

0

sin0 ~ (9 C0)

10 -0

00

"+ 10

- ° + (fi- X )o3

+ . y

q

• 0
q

+ 6 '11p

.3... .............. ............



-0 0.
and Cos (a 00 KI

tO -0

'1 -0)&~ 90

0 ..- 0 (67) cont.

0

-C + .)

00

+ A, Y' !
0,

+ (1,0 ý- O)F

* + ______-- AZ

where

X.y (90.. sin0 0;' -o
xP Cos cc0 to -

00 00

andCo[(x-X()A&, + .(Y-Y 0 )BO + (z-z )GO] - 0-
A1 XX) 0  + - 0)~ + -0 a -m+--

___ __ __ __ ___ __ __ __ + *Zz~*~M- 7, +xx)0 ( &--jý 4 zz~0k 0

a, -csc 0  0]K~ +s0 Con si s0n

low 0 0

B'0 0*O CBK

and * I

0; 0 0

A . *00 a Cos k -i osi i



0g 00 1~C sin a9 s ÷n.K 4 cos . sin Oin 0
FIo 0o, -sin a Cos ( 00

; sin oo• -.ka .Cos Go Cos coo ,,
The obsý,rvation equations may iiow be Written

"A. + 'bAcw + cAw + db C + eA I f+ fY +AY 4 +xp

1//
vt aAa+U&D+r, 1AJ +"'&0t 4i 11.o+92 o+ý

Wrhere the meaning of the coefficients ag •nd a'-g' is given l'by the formulas
/(67). The. si. mlicity and 6'inmnetry of tese coefi'isents contribv.tc considerably,: .. ./:to-tl-e aconoay of tle no-u~ i:s. .

"" / Before we form normal: eqatonwe eliminate the uT-T:a o 6) a

S [CI rb.i. [c: . w" ,-,÷I'•A -- -n '--A " n A U

Yp -n n n nno

The reduced observation equatrons are now

v m(a) •a + (b) co + (c) t'+ (d) p c + (e)- Xo + (f) A + (g) a o - L

,. v, (a)/a' "+ (b)I&ca + (ca) IA.+ (d)IAc + (e)'I&Xo + (f)'KYo + (g) 'AZo-
w herer ;"

~a[ma]ha La '1( a)a at ]n n," "

n

(c ) =-C - . ( c ) ' C ' - .'•(c) d c - - (d)l d ' L----
-n n
n,. (a)- a - (ei)' = d'-

I g I

, '(g) .=g , (g),'.: ,_ E .f
n - n .i-

L -__ A- + -f +
nn

.,M I W "
,/,
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After. the Wunknons~s apA'wlA 4K ic.' A T. AYv; ý,Zj Z0  are coniput.d,
Y" obt~ain. 435 and A~ from formula (69). The-'resido'ls ,v and v' are

copuedfrom foraiulas (70). The final orientation el';euaeoiant
frn. formulas. (66) and the adjusted observationa fromt formulas (4.9)i.
During thi4' coMputations we have the usual chekes: +(~f [(a) k" vvJ 0

L~fb)i3+ý [(bl vi] - 0 ate..~, and 'vvJ + £viv'I - -ILL.fl . The final check
is obtained with, the ",Iul orientation- cleents: and~ ormiUlsi (64.) which
must-give fox' 0 al-d G1 \\t~he adjusted observations (9.4 v) and (.1' + vI).
If the corrections ba'ý arelsrge, iteraition becomes necessary due to the
neglected isecond order torms * The mean error of an' observed coordinate is:

whre N ist the number of uanknownsi carried. The ma roso h lurt
of orientatlion-arv ob'L.ned by multiplying M' by the square root of the-
corresponding weightiig-factors.ýý These are directJly obtained from the
normail equations if for their rduction the method of the indirect solution-,
is applied.,

general, the electronic computing devices are very useful for any
soiuti -n based orn iteration. Cons lqu~ently., such eq~dpinept s~eems especially

II N suitab e for the above derýVed analytical solution of,, the orientation
prcblp0,. On the other hand, electronic computers are' less suited to

Ilhandle !!the, transformation "of angles with their trigonometric functions and
vice vfirsa., This difficulty can be solved for our problem with the follov'in~
substuituion,. In the formulas (67) we introduce the auxiliary unknowns:.

r -sin a and consequently r .ro, + A where ro si* ,G0

*-snos- 0  6s*s sin cP (73)
t sin X tint0 +t t0  sinito

2
r, Cuthrose a l- 0  ; cosCo0  aiid t'0  cose-O 1-

We have then

A0  -r't' + ro0s'to A"0 - trtt Do r-t' -o I

o1 0 0 a 008..8
B -- s' BI Slott

o \ 0 00 00CI;o0" o "000 0 0 0
C t~ tI + rl 3 to 0,0 r t r' S t, F -r, at

and the observation equixtions are z~w
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O 1  (fg O - . 90)~ )
9 - L

0

0

- 00 + (f0 i)D 0  
'

0*0 0, 0

/7 0

Vs [. . O + )E. A

I- & #to .-0 ..
-y 4

- (Ct 0 0.:-.Y)AC)'
0

C0 -0,

0

q

"D 0cI' + (1 0 - 0 )E0  
,

0 00 0 -0

ýp
-Af' Jh4



,ihere 0

o-o o-o o, ,
Y -o 30)t0 + (P0 - y 0)t

p Yp

Furthermore

rL\r 0  0rj-A r:' ,' • rtO: t I ....

'Ll 6 st0• or, AsI Aw"S\•+'0 . (75)

From here the solutio- is based on iterations. which ari continued until a
pre-establisbed discrimination consta.Lt is obtained. such a value may be

established iy means of a lower limit for the exressiL I[AfxJ + ICA fg.
,2n

,•THE PYRAKMI tNBTA•b

' lThe determination" of 'the" spatial 'coordinates of thý, nodal point and

'the orientation of a sin~gle photograph +enfrom, an ailborne camera isýý!
known as the problem of resection in spad• In gener, the elements o
+interior orientation are known. Thus thO' problem is a special case of" the
general solution, which is explained in the preceding pak~agraphs. ,(Com-
pare numerical example No. 3). However,ý' severaLl authors ha~ve spent a•,
considerable amount of effort on theoreOtipal and numerical studies con-
,cerned with an approach based • determining first the spatial location
of the nodal point, with the heL~p of ý;'pyrjpid~f~or,.ed by the ra~s pro-
ducing, the photbgrapho • ,The+ rotatid,ýa•i c.om~onents are then i!compvtted• as .a
second step. The comon opinion resutlting from these studies 4s•' that thepyrmidmehod ;Is not useful if there are "otservations~l in cess, making,
necessary a least. quares treatment, This conclusion is biae on the '

assumtion that, edoh ... Vo' of the' given control points must be combined in

an Observation equation7, thus leading, fo -ons O • obser-
2

livation equations, It will be shown that this .assump-,io• is incorrect

%7ee, e.g,; (6) page 8 .or (10) page 66•

/i/
y
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FA

and, that only ý(2n-3) irndepen'de#~ Observation Oquations" e.-st. Hience, a
.least squares solution based on, the pyramid Tmethod may well be advantageous
,in cases, where only the location of ~the nodal point of the survey camera.
has to be determined.

The unique solution requiros compumting, tho leir,,ths of the sides of a
pyramid with" a. tria-ngular base from the given lengths of the sides of the
base trtangle and tlie corresponding posittion aangles at the vertex of the:
Pyramid. The, treatm~nt of this, problem leads to an equatign of the f ourl~h

dgrc;ee. Generally, it is polsible to obtain appi'oximite vila.ues for the
pos1lition directly f rom the. photograph, ..or,;' in Ick e of stri photographs,l

.. by týinear extrapolation of two preceding nodal point posit~os *In such
acase, the problem Is to compute corrections AX, AZ0 to theý!

apprximte alues X 3, and Z0 - Hugershoff proposes the followýing
method -W'nre these corrections are found directly from the position

angles' at the vertox of the ryramid.

The cameai has the elmnso neirorientation c.,x, and y *

Given are the spatial. Cartesian coordinates Xib Y!-, Zi of the suitably
located reference points, the corresponding pla~te. measurements fandti

fjr
and the approximations 10 -o and Zfor the position of the nodal
point. . .

WeT set:

X X0 +A X
/ 0 0 .0

.0

Z Zo+ A ZA0, 0 0

Further, 'demt'r.ct-g the lengths ofte dies of th p~mi bov'e the
~ipotographjfby _ ad the c~orresponding lengths of the sdso h ya~
above thoe referen~ce p~pints by L, ye have:

'I' aXO + AX0 X?+ (Yo"+ AY0  Y) + (z~ + Az 0  Z:L)~ ..

aixd

cosa (78)

where '7,is the s paitial angle at the vertex of the pyramid and ff the

slant ground distance between the reference points 5. 'j. is obtained

1'o-



from the given coordinates of the reference points by
2.( - x)2 + (Yj- +±)2 + (z - 2

Cos aij is computed from the measured plate coordinates and the elements
of interior orientation. Denoting the plate distance between the points
ij j by dij, we have:

fi. + 12- a2  1.2 22 f- - 2CosV = -- i L where' i c + (+ •) (. )

oi~j

and d 3 j Vj fý -A) + ('j !) 2

Applying the Taylor series and neglecting second and higher order terms
we obtain from formulas (77):

t2 -•Lo ÷2 2(Xo - xi)•Xo+ 2(Yo _-Yi) &Y + 2(Z' Zi )&Z

0 0(70

xo0 - x Yo - Y. Zo- zitoi o i'• AL +•. ýo "3 Ao z Yo + •"Zo
1 i LOt

2 2
where V2= (Xo - Xi) 2 + (, Y) 2 + (Z - Z )

1 0 1 0 i 0d + i

Inserting formulas (79) into formulas (78) we obtain, again neglecting
second order terms,

't CoLai oCosq* 0 1i)(1_ -~ "o° • ) + (xo - xj)- M •.•. Co ij) &x
[(Xi ,-j

Y. M. 11)( +-Y Yi

to Cos a _0 Cos aij .

0 zi) (1- -j i? + (z° 0 z( M HZ
-o 0 0SO

q2 0 2i
+toto cosa
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T, a points are necessary and efficient to form three linear equations

for the corrections A X1, &Yo and AZ 0 In caee the A, -values are large,

iteration becomes necessary due to the neglected second order terms. It

is possible to base a least squares adjutt,.. for an over-determined
solution on formula (80). The correspondang oLservation equations are:

(8l)L~ - Z+)(A 1  - ) ÷ (z ) - Ai0 2L

+.. -Di 3 ) A~ 3 -Eu] ÷ (aiv± airi ÷a~v3 * a'v] -0

- X)Aj 2ti2

whereAi .g.

iij

B .

and where -• •iaejh am eaigasi fruaJ8)

' 2t
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The v's and v' 's are the corrections oil the measured plate coordinates
2 and P, respectively. The sum. of the squares of the v's and v' 'sf O, + [1vv] must become a minimum. &Xo, LAYo and AZ are'the three

unknowns of the solution. If the number r' of the observation equations
I| (82) equals u, the system represents the unique solution, because all v
A ar v' values become zero. In order to have a least squ.ares solution, it

is necessary that r > u. Following Helmert's line of thought for solving
a problem of "conditioned observations with unknowns", we may express the

unknowns as functions of the v's and v' 's, in u of the r observation
equations. By substituting these functions into the remaining (r-u) ob-
servation equations, the unknowns are eliminated and we obtain finally a
system of (r-u) condition equations between the v's and v' 's. Conse-
quently, for a least squares adjustment, it is further necessary that

n > (r-u). The mean error of unit weight is then m i r.u

Further, we know that the number (r-u) of independent condition equations
which exists between the observations or the residuals must equal the
number of observations in excess. Each control point gives rise to two
observations f and Is and so we have for n-points 2n observations. Be-
cause 3 points, or 6 observations, are necessary and sufficient for the
unique solution, the number of observations in excess equals 2n-6. Thus
we have the relation (r-u) - (r-3) - (2n-6). Consequently, the pyramid
method for n-points leads to r - 2n-3 observation equations. To set up
these equations, we may combine any two of the control points with each
of the other control points according to formula (82).

Temporarily leaving the outlined approach, we will rirst considar a
direct solution of the least squares adjustment based upon the r obser-
vation equations given with formulas (82). According to Helmert, such a
s olution may be obtained byr determining the minimum of the function

[VVj{v'vl- 2k_(av 1 +I 'v{+a2v2.a~v1 . . +AAXO+B&YO+CAZ-L)
--- ------- ----- - ------ ----- ------- ------- ----- ----------- (83)

- 2kr( . . +r v2+rtv'+r v +r'v'+A6X +B &Y +C &Z -Lr)"r 2v 2 2" n n n n1 r o r o r 0 r-

By setting the differential quotients of the function (83) for vI. .vn,

vi..Vn, &Xo0, AYo and &Z. each equal to zero, we obtain (2n+3) equations
which, together with the r observation equations (formulas (82)), are
sufficient to determine the three unknowns, the r correlates k, and the
2n-corrections v and v'.
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The differoatijatiO flor vis Qad v' 'srospectively, gxveSz

+ b. k

Lk2  
+ c + 3

v2 a k, +~ (11+1)2kn+!) *'rk 1  ubr 2

ck rIc + (n1)kf+l)l

3h

- c'k + (nt1)4k (,,+,)-

el + (n-1t'- I *. 'I~

(n-1 k rnkr

flk

.14

7.4e ýiff±erentiationfor tX 0 .0 AYE, nd &Z0 gives:

k A + 33~~(+)kn+lj + -Arr 0

All+A 2k2  3k.3 n- AI Akt (n ~

Bl, B + ... B k( +Bkn + B + k + 13 0 85
B2k2  3kt + **'n)n1 n (n3.1) (ri+) ""r r .0(

4C2 k2 +, 31c3 :j ý,*4,Cc jj.k(n~) + COlCn + C(n+. k,I(n,1 ) + r r-0

/5'

// .

I ... ~ ;
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aAd AX A

where (9

D A1 B1 Cj A1 T1C \ D 1 B
P A 2B 2 ~ ItX\ f2 cifr A2 W2 C21 2

A B CI B C~i A W CI A B, W
3 3 3' 3 ,~3 3.133 3 3

or with formula$ (88) and ("j89)

DA- ý*l Ox1i 0V2 Pxv2 + x!3 + ý13

,17 + ' (901
~AY~ x~V 4V 1 4~ i~ 2  Yi.tj3 + YY'¶3  /

II /

a a b

a lua:L 4+',,b b1  aYay + b-b a,,, ~b 1 b

\N N~ x ~ ~ cc 2~c

a a +0CC pia a + c 0Nc 2 a + ~xy, 2 y 2 y

b b +0 a b b Ioc ay b bC-
3 3ex 3 y 3y 3 Y 3 7z2  3 z

b b ; 030 "y b b y+In3 c y 7 bjb

3i-a b. 1 L3 fQ3L -

"3 a:y bL 2+ ~3  ) - L.bL4

B39 B20 a~ A2C,-4 A0 2  A 3 B2 A2B3

b B B301  b A C1 - b ii A1B3

x - Y-C 3DID A 1C 3.~ onA 3A

x 2 1 2 1ý 21 1"2
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V y irdcing the nonual equto# 9) we obtair k ,to kfrom thel

v-column. After the elimination of these correlates., the columns he-"'d~
byD 4 1  DA and D ahred-ace toaterm, I4h hndvddbD
'is ý6qaal, to the we44hting falator of the 4,orieopo6x3ng unimown. jilf yell
den~ote these qaotients by E=3JS, [DOJ aN~. y1, rsferring to thli ri- ,
krn;Pwns X0 Y0 and o;~ respectively, the fhean errors are obtain*;. by

2 x uM -aJ

.. ....... ....

Despite the:2complexity of the theory of this leastj squares
applicaLtion, the 'computation can be systeimatically arrapiedfo hn

and electfre',n# computing devices., The computatic6nal work ý,P simplified,
by the f~ict that the a~uxiliary quantitie&ia *.SY X,~ )ý,And 4~ as
they appear cin the final condition ecpations (92), are f rmed frcm the
coefficients Pf 'the first throe oboerv-tioný,eqiations only._

,COPUATON(A~'. P I~T~VALUES OF1H UN a'

The rocss f aleas~ squar'es,j ,adjustment of measurements generall1y
requi-re's setting,, up obik~to bq4iations. If these equations are not, I

Tq'loei serieso neglecting i~ecojd 4~na"\hijher order terms. In such cases.,

the neglected terms may ihe iuriý in iteration process, depending upon the
qiality of the pr'imary app taxiý ate v'lues of the tvnlmowns and upon t~e
degree of convergence of &~ solutior. in order to minimize the nuniber
of iterat ons,..a set of app3 oxim~ate ýralues is computed from the minimim q
number ofljmeaurmements necqpsary and",sufficient to solve the unimae 'case,
of the updcific solution. Ithe measurements for this step are selected
"in accordance wit~h,,, optimu0m igeometrical c6onditions *

W ~ PSith the, availability, ý,of electronic computing devicelO U Lis ~o
preliminary computation of ;0lose, approximate valuesai h~ number 6if

iteatinsin he inl ci*utatiofisi. Such a pjrocedure m ýy e economical
in tharky cases.ý However, in, our caso 1 it may notl lead tp the ~1sired reý-.

~ ~~he easns ae f'uI 'in theilgepmetrical characlteris~dc of ourl
problo~j causing;!the solutio" to co~reslowly', oree t ;elyen
vergence by occaoional diveýgence. ýýIt is evident that three factors may
contribute to ,,%he relitetando to conv''erge * The fXirst of these- is concerned

Ifl
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-with the geometrical conc '.!:.uA of tVthe upcoific case (presenqop of t~he J'
"lcritical Cyljnder" ). (Sae bolout)., The second factor invo:lv.s ti•e "X

linearization of the observation ( iatlons which has the effeaot' of
forcing the rdtationhl movements from thh ýi, 1tual curves, into tangential
displacements. The third factor orikinat~s froyn the fact that, 11i the
so.utiOn "some of the unknowns are multually' dependent0  Spocifioa•ly,
snatial translations perpendicular to the direction 'of the opticsl aidis
are correlated to the corresponding components of rotationh, wkiere the
degree of correlation dependp on the opening angle of the bundli of
rays• under consideration, These effects are. -din-by" the coipu'ted mean
errors of the unknowns in, examples No. 2 and No, 3s on pages'72 ýOad 83,
respectively9  In both cases, the mean errors of the tra••slaions in the
direction of the optical axis, denoted by c and Z, are small, as is the
mean error of the sw.in angle J. Howaver, the linear parameters
perpendicular to the direction of the optical axis, denoted by'

and X., , .respectively, as well aqi the ccrresponding rotational move-

mentss c and 64 show considerable larger mean errors. ,

Fý'om these considerations we may conclude that: '* -

1 1) it i advisable td introduce. sufficiently accurate approximate
values in the final "solution in order to limit the number of iterations,

.2) It is preferable to'compute these approximate values by first
making a unique solution for the three tran'slations and then computing
the three rotations. In this mannerS' the solution is' deprived of, the J ; If
compensating effect of the translations and rotations and will in each
of these steps ,,converge faster.

In aerial problems, the elementp of ýLnterior orientation of the
camera are known or may be determined frn an independent cajiiera cali-

Sbratio. The problem now is to compute l~ufficiently accurate approxi-
mate values for the spatial position of lithe. nodal point and the corres-
ponding rotational components. With thýý position known, the rotational

* JI'nents .rwj be computed by thn -e 1,111L formulas (67-71) by' setting
Sthe .A -values for all.translation OomRbnents equal to zero' The compu-

tation of, the sphtial "positicjn of the,'Inodal point is 'the well known prob-
lem of the urnique resection f'n space,;kas discussed at the beginning of

I; the preceding chapter. & /

According to' lnsteriwalder9 eachk/set of three reference points
determines fcr the spatial resection Problem a critical surface, waich/is
analytically expressed byM a circular c;i\inder which contains the refer-
ence points and is normal\,to the plane "Of, the three points iundsr coni.der-
atione If thie position of the center of projection is situated on or if
the vioinitty of. the "critical cylinderu$4 independent of the approximate

F values the olution will lead to unreli'able or even impossible compu-

•. r tational steps, ;-

-. F, '.' F, .. .. .

e (4)

Pk,



k ýt iý not pl~'aiedt'to discuss, within the scopo of this reprt
erarorj theoretical probleis in connection with t b0,or/xlentatio±1 of" a pho6tq,~

gra~miotr4o c~mer&. iloWevor., it ShofIid-be lrentioptd that Vhnre is''no
subb nV.K1. -reason to 'conoider the erittc 7- 0 he "'critical cylinder"~
as a "Strioud, initati~n. inr the prac'i~cal applIc4,ion of~ a single vertimsjl
phot~graph for a Mpatial. WeOt~iiK hse an almost stereotyped
phra,$e in all textbOoks t'6t the ptial resection is worthless for
practical purposes', dlue t'.6 the fact 'ihat ii vertical, or 'Appioimately"
vertilcal, photogirph th;"cyialllidr always effects the result,
The f~act is that. "~for a. ýJertical, phtA~graph., the coof ficient determin~ult
,~of ,th9 observation equatilons or, of'-t'he o o~r~ epondinP, normal equations'
_asypt~otjcal:Ly aj~roache,ý zeroý for a decr'easing openinm angle ar of the
#Sur e~ring lens, oý,Pr an tiIniqua solution baseý on an equIxlateral tria~le.,
.this. 4eterminant ý!quals,! ¶for a vertical photgraph, ,i 2r, tali9 `7 indi-~
c atiz* the 'inflilnee of 61 on the reli~abilityl of the resection solution,

ý10th other hand,, 1o 60or90te rrdnant 1) wi~ll in such
"csebs always be ,sufficio~l ifeet fom: z ero. Beeausethe" fore-

71mentioned deteriiana~it changes sign as he cLýnter o6f projection'is moved
from the insi.do, of the "criti'cal cylinder" to thei outbside,j ther6e ,Will be

Pa..zone of unreliability of the soliition in, the vib~inity of the "critiq,4
cylinder" * However, '!+ is readily seen that for 4ýrticai or

0 0 approxi-mately-vertlcal photpographs,* taken with a 600 or 90 lens., the topograp1Iy
*of the area. ieikg. p4ýtographed x=2J seldcm cause th~e location of the

centr fprojectioni"to, be locad on cw in the vibinity of, the "lcritic~,1
cylinder'it 4ý

In probleus, concerned with i~und-based cameras, the location of the 1
nodal point ~I.s generally knc~ d "the three elemients of interior
orientation' 'of thO. cameras are suiallyr giveon with sufficient approxi-,
mation. Consequently, th~e problem is" to`compute saffioiientlýr accuqratep
approximate values 'for the rotational c poet.This may' be done by
making a tilique solution u,;ing the general formulas (67-71)ý' setting the
.6 -values for all trandlation components equal to za-o., p~ case thetf

rotational componients aýre known with a sufficient deerteellof" approxi-.
mat~on from previous experiments 'or from instrwtnent, kiia! ~eiding s$, the
genpral solution will lead directlyj, by, a few iterat ons, to the desirled
result,

63..
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NUMERIAL~ MXA PL-5 i '

Example 1. (Caaxora calibration frbm star imigeu).

''ýT SUAM,0MSTENTBAED "ICOEFFICIENTS AS QIV`EN IN FO0JLAU ~
ýWe use the followinug approximiations" coomputed, from f~riauias (18)s

'0 0 ' ,

- .07?92369 + ¶J ÷ 5.3087627 b.
t - 0

* * .1050659 ýi 02 ~ 00017002

au the ad.iaries from £oxiiulas ,.}

a. -* .03357128

I.
:I A - - - '~- "

i• I),A b ! .1.0544).0417 ,

,!i i ~C 4p .,347841335 •

ii �, + i1) +.000000%ooo -;The approxi alues.saisfy the condition equations 2)
'" . .. • 2) +.00000020

///9opp1ted Reference kA 2 2 a

10 10 10 bV X oI.a= eci 1  i X, "--X 'i~ ,-, 4 .. +~•c ,2~2+2 a ~ Y1

meter meter I,

lI ,..40758996 -. 14685391 ,.00mt3890U -. 019906%$ *1.129111135

S3 ,6..153278, -.072080 :.jJ•25O, -.035762 .,,1'.O31-91352988
4 1,oý +.065432

5 +.122391'ý9 *.09272509 *.0619 9+2 +,.01812961 +1-05187869

6 *;43609833 -. 07995540 -. 02335360 -. 01228521 .1.16102126

7 +.51791371 +..13719873 -. 05162637 -. 00151557 +l.19524953

8 +932375583 +.18045918[! +.00127668 +.02822502 *Z4I3;to6369

# *.P337-1182 +.26993743 +.02031115 +X06344949 +I.19,790135

10 ,.50132793 +.3257794? ,...06J.75679 +.05810763 +1.267358h6

2Ai
I" . 'A 6



IMoasured Platp

Coordinatep Q-©Q .',ý

1 02560 - .070772 ,+ .00289129 - 0937 - .00000225 + .60002465 .8Lp

2 -03~.97 .02237 -4`1A31638 -.06179299 r.006o0086.1 00002/739 7.6

3+.67286 -"034119 + .0707 -0533 QO0)1 -0000029

U+.011358 -. 006780 !'+-01269063 t-.00757550 + -00000268 .000002,54 .8010

5. + , .06.3358"+073 +-066493 01i684*bO49 .00153 '0,

6!j -902033.5 ý-.010581 .-.02335394 oi022 8471) `+ .. 0000034 -4004 .71~1b

-7 - 0439 - 0127 - .0%16242 --.00152 3904I - 00600235 + ,000087 .7000 I 1
8+ +U0122 

87

8 + 00122 +.?4948, +=. 0126005 + .02821778 t,.00000763 + .0000072k 7874

1 0 .0-7266 + .02030229 +" , 63W.&508 00086 + ,ooooo886 .0 h044 -A147

10~ ui o4l~812'3 -X.6177-329ý t .o58l017l + .0001650 + .00000592, .6860

#7
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Cho ubservatilon equations (60) a'e' 8

(Ab4) &b2)~ aN -i~" ro•-.• ..04io76 +.00037595; ý-,0ooo225

-. 133170659 -4,h297645 ,ý"t1.1l4177746 + OiA _ .ook343 ,9
-. 0o5347?833 =,ý563..4.F +1.1850•1o85 +.0543877 .0-.867',-.ol865814 -, op863

+.0157897 -.01039673, + .O 186S8 -0

,.06779447 -. 162W7390 +I.0l5373139 +O .0157589• .01039367 **00-905, -. 0210

+.07317218 -. 33383422 +1.11013046 + +032,1834 -. 003596p5 -. 00071037 .0000oo0268 -

+.0o963395 -. 12905o62 +1,.o4257324 +.1 t01245468 -. 00775451 -. 0058,748 8 ,000,99"

+ .09U59578 - .h5982390,.1 * $1;iX•' :+,0Uh37763 *.08,77212 .oo016o83o ,t.oooooo34

+.1540001 -...560038 +I JM0284 4-.05270o31. +.02236921 +.00592575 -. 00000235

+.~1913.80v .314369ý0 +1.11261-631, * 4329I 9 - .00036325 - .=020248, + .0o00063-i

+i2 7776343, -.24642672 r +8~91 4''02 78266 -.kOOi2-8277 1-..oo494~660 +.oo000886

+ .3i260969 - .52860226 +1 P?438359 * 011 +3*.02564~994 + .0166618 + .06001ý0.

Jia.I,976h45 - .1331705,9 - .o41.47660 +1 .14L7T7746 + .o2884 596 -0139314, +-0 .00O2465

+.56354442 -. 03547833 -. 05438770 +a1,i91085 +602791896 -. 00279056 +'.00002739

+.16287390 ,,"/.06779147 -. o1571897 ÷I.05373139 +.00527036 -. 0o249001 -. 00000209

0 33383422 1,4-.07317218 -. 03221836 1 ,11013046 +.00264661 + .ooo42404 -. OOO02o4

+÷12905062 +.0968339 .-,,01245468 fo.04257324 -400210930 -. 00159802 +.00000103 'I

+ .459 82390 + .09459578 4.04437763 1.15169390 +.00461436 +.000814601 -.OOWOOO4

+.54609038 +.15458576 -. 05270323. +1.1802o284 +,o0066034 *÷ooo01713 '.o00000837

+."34136950 + .19132808 ,w.03294559 +1.11261631 r ,,00807706 -. 00450210 4. o00o0072I4,

+ .2464~26-7-0;, + 2777834i3 - .02378266- ý+1 .08129510i0 - 0133)837Ii,, -.01545824i + 00000441

+ .52860226 + .i34260969 -,05101543 +1 .17438359 11 .02412540 -. 01567749 +.00000592

WNW

ii I' 
t"i
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The normal" equatiolis (6?) are:
Ac

3.14252j)7 0 + 0 ,721 I017384 -. 0120319 +.000034509234

+1 .42j5-239 -3.24~84484, *M719499 -.-0372ý606 -. 0136234 -,oo0004575907

""\.9. iV,1773 0 1, 0..359$35 +.6138874 .•O, O 9462371.

•. +9845177.3 +0229839 -'.0438053 +.0000664499348

1 +.0031415 4-0005459 +.000000983773

4-,0007713 -.000o00281905

S+.00000000!543

eThe general ablution of the'r normal equations fgives the following weighting coef-
ficlents-

Cad]. --5.2496817 +6.9326689 12.3888838 +A.065368 +7.99306o2 +4 2102078

+6"932688901-]"48'3565122 -8.8373739 +0.331 45o4 -273,0771170 -21.3 70208 ,/
+2.3888838 -8,83737395-a- -2•8759711 +0.0352950 -84.774h432 -5.o434180

+I,0653658 *0.3345404 .0.0352950o.- -0.5330969 +3.312944k ' -10.-P"684

*+75"9930602 -273.0771170 -84.774432 +3.3129443_.-3085.6070599 .260.571

-o-4.2102078 -21.3270208 -5.0434180 -10.7288684 260..450771 -23!2 " 6 "8g

2,29 - - 22121814 6D 0.7301348

"5! 3250833, 4& -- 5.5482408

The s02.ution gi~ves the. following, unknowns:, i

A b -,0.0002460 A' 1  0 - 0,00012?, Aa - 0.00065620/
b- - 0.00004229 AL 2 -c + 0.00000761 a, Ab + 0.O0J03630}

I} •From f om.,,a (58) : ,:
a, + 0.00004030 Bil o.f

65
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The final plate constrmts (51) are:

Miean eýror Of waknowiss.

A - - 09008881 ~.0.0000274~8 L

K b 0*079r-6069 4,0.000012371i

'I 010947+ .00000,916- MV~

10a -0.06440878 ~ okooci1224 where

b2  0 -.30Mi0 308' + 0.01 0002876

010660 A.003h JL8

a0 ~~~~~ *03l108 .0OW000,

bi + y+ 6.9L71~O00025,951'-x

m-mean error,, of ý'nobservation of, unit weig41 ia.rter Athe adjust~ment by means'

of formula, (63)~

The final plate c'onstants satiefy the conditio equations (,27).

2)-0.00000,00904

2) ~

1; Ohe man er' a 1i a and a2were conputen as iekn errors of a f unc tix nOrL

the unknown, corsoding to formula (8,,

jI
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,, it. f O Ojt±. ~ b . .f ./I..

Oomy'4tati-on 0 e tho•. r i d u . by f orrnnlas (606)Jý.
I •'innl. ,•eck

9 -(k'+v *-(9'')+v
crons micr•ns' ,)Owsrl - micrrons 81%.h decinal1 p!ace

1~~~ .639.66 ~ ?0-

2 -1092, - 5.62 0".,3 4 ,.75'W5 ., +1

•ý "2.30 .. ÷

+ 3.78 -6.03 + 3138 .5•.4,o 0 o.

- 1.62 4 3.36 - 1.54 "'+ 33200 0
''1. 441h - 83-93 -124 '* 6  0 -

7 -9,60 -2.1a -8,04 -1.76 o0 o
, ÷4o18 + .3.51 + 3.70 . +.,; 0/' 0 1/

"" 9'' + 0,43 - 1.49' 0.39 - 135i b +1

10 + 15.69 - 1.63 + 4•-.71 - 1.35 0 !1

IpL •L,, 408.

4 nal orientation elements computed from final platle constants by'

(28) - 1(43°28 23' ( :. - 033 .

-~~~ ~ 14 •3" 00743 i

~ a * 19 20' 51.8'" d,'~0000057 wn9

1 ,, = .ý+5° 8, 58.4" 41 ,, - 0.000279 it

9 9. , (,

91/ ' 9 . I,,.

(9 q

9 9. :. Il, ,.

"..
" fll ... ..........



Enla~ple 2. (= S nexa oalibratio1A as E=~r~e1

TIAS SUA~ flUS 1Fh O ITH1 Gu&:,wL SO)LUTION BASEM ON F~UA(48)

To0

*\ I

0''II

0J- 

1

Ap~rortmatiofl V1ueS Of the2 kýiwns 'if

0 14 23 .O ,30O~0500
0. 1i 9 231 IIOOK

.01 0.000000

qoo 782 ýVQ /7- 063O925I4D

'IB O24710181 0 .096077036 Y-+ 0 0894s7375

0 u+.C;2!O3 ,-. b,00068661. FP- + O1,9395357 6

c ~ cite fr m(67')
tef Oren oe

CPord~irates

y mn

,, metermeter~

+047599 4%11, +.00935425- -2482,27,5,- . 14,0612734

3 / ,400 --O7298023 iq:!*.,22049851 -,-103t5248 : - 1 8h066 , 0

~& *316,60935 +.0625!4370 
A.h0094 Y,22?1

+,123919 u.,O92?2500 A+.,204C`7583' ,1 9ih1

fi 40609833 ii~0794 ~-U0726PO33 ..,03696901 +.00hhý

.. 19L 7 i f -#6ý -.ý00 32,0736 +L,12 =0073

I) 9 +.23373182 + 26993743 ~o~3I +.199~h M3 141 04094283

'68,
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Aeasured I la t o f ~~(7 '

f/ Vrom (67' Coorq>natos A/\

+.00264t902 -.07029541 *oo'50 -007 .oO9 +00 5

a( .~3833 0517671r47 -,034t927 -. 052237 +.OcX.11363 +.U4093

.3 +-,,06733262 -. 0337t0088 -.628 .034119.i )P400h62 *oo1

it .oil45263 -. 00637507 +.011353, -.00618 *.~9463 +.0OW040a9

5 +.0634~1971 +.01761868 *-063358 +,,017234 +.00006171 9,QO38b468

ý6 -. 01999955 "-,*bi0l67~0 ~.020115 -. 010581 +-00011545 + 41

:..=.(A43059?,-k -,08- -.0t4319i -.o=157 .0117 +,.oooitl676~

8 0.01i23Z5~9 +e..2391 0601122 4.02494t8 + .00011039 + =0039116'

V9 +.0180'761 +.05762827 +.03.8325 +.o57266 +..0001Q?261,, + b'11036227~

10 '-.051090h1h +,0it8ý, 96 -051164 ",.04~8123 +-00015996 4*0O037706

from'(7 £d (67) and (68)

1/I +.o1l489596 -. 06875007 4. 2960-72 30 +.07525?70 +.oo881537,

2 +i.0Q4658162 -. 0414.29692 +,9922 4006983916 -. 15.851)48

3 .05685054 - .04957051. +*.0561617'ý +.08570902. +.224.06862

Oo]ýqc, 02 +29848 4004302 +,,0381131P

5ý -.-06580847*W?,32t 91 +-07436965 .10?0

6 +.0214,9836` .00488 07 * 27480 .ý,07L32181I -.06655V4

I * ,092?,75 4.0 98h2, .. 29597330 +,o07606020 -.14~32

-. 00748821 7.2287 +.28767689 #.0O74.54723 + .00oi10o1i'j

9 -0321ýS34 +1-05124437 #.2867-2184! -071oi417 *061432j1

.10 +.03MM73 05o96.554 t,.291885,18 4, .08477116, (

Y 47(~

.1~~ 'I



all

1 +i,07665487 '.Jo7163514 -. 123,3924-15

2 +0.7922485 2,3~6971

* -3 
+.0,1402157 Pý ,9661784 - LA~h 05

4F t .07517102 i~j29127233 ~
bs640 4.29115792 +~~~32

1<5 .3860
6 *j39~8 .29124611l `o033ISý27 

<

47076t3ý83 - .291059-80 w 0 5~8604i

8 0750 
j86U14,l ,91)8 + 08432313

~ - 3QQQ~3L. +.1917746.L

16)087
I) .0678h .30070862, + -6jo

Laý= + 005521

+0.07613655 b1 -026i42

n ~o~h77.i' + f'.OOL56378

I J +00020392 U -o-1000241&

LA o P0ol,0,258 -0.400O411ý5

70
#/
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111

tiq

(a) (b) I)(d) -

A A a CO K, =A.

1 1-15632 .08 8 5 +.6788766 +.,0036114 i-.oooo135'6

2 +.500425 -629 739 +.4.915972 -91121055140 4.00001105

4. 3 1.70019 +.9572147 +312 9313 +.2'1886470;i~ 4,.ooooss96

07 jO 1 0 9  n.1461 3 +90396732 +.3909 ..1000795

5 '+.' 2541 ~0 .7669 0 -. 20026143 +205814337 -. 006004087

6 -261 '18 .1811474. +-077075 -.07175816 +,00001267

7 +..10%140 -."007635 -.01514951 ,-.1148149587 +,00002919

8 -.723909 -.158932. -. 27714691 -*0031021Q7,9 .. 00000781

* 9 -.81914114 -.1463238 -. 6003602 +,,056119214 +..0000063

10 -302680. 4-.863461 -o5090871 -. 1T1493145o +.00005738

1 +#,252976, -,1151 +.0165214 ýý225p67 +.000065014

2 +.0369714 -*208114 -- 3637715 _',"/-..61425863 +.C 0005798

S .l5o35A +-.6576884 ~-.101413687 +.00000657

* 14 .035409 +..487587, t.098888 -03010 -0062
..61,8,5/9 -. 01300687

~~~+'.066614369 -. oo28

6. -. 2229.33- *Ji9020-.163 -. 02582279 , +0000095 .I

i -.4911,28 4"5095140 .-.I4462301 +.oo~lS5l"j 4 .ooooo52J.
8, .0033139+. 02 34 ,0 2 3 8 .- 00002039

9i +.66114b 1.4~a +.1686,383 +.19978709, -.000oh4?2ý

1 -11714070 -.1456o142 -. 52567862 .19133 -.000335-9

Ii ~ edecimal point:'in the coefficients (a),. ,( was moved fcr e
convenience of the numd.~ca1 cromputations.

1'1. I#

;1 -71
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T jieccriiied e rm equations by means oi, (71) are:

46.9961 .7913+ 2.60172361 +.207W62f .4ýo00086182255

5 .55040 `.0;1~3678 +.24281437 _46.000698984j4.3

+3o547725 01-0O70l~2

* .~.3829O6 -elm00165863.7-
I .0Q0000O021947'

11k

The 'Veighting Coefficitefts frm t.he genieral solution of~tenr~l~qaifSae

Liif'4449 6!" +.0300,362 +.:2'b62353 + -1283995 A *up

*24413 -202676 029 1~I
IyI

ii

4 1.8
4.28029 '119 6J-.2

I'+.l2s3995 1

The, solution gives the NIoL.1cýri inownosf

Azw-0.0006 ,236 0 '2' 08,65"

At + 0.00028274 +5*8- 32"

- .b .000284~86

+ c- 0.0=42317*

Pwf orrnlsJA (69): 2

*i+ C).00007BBp

-0.00027921,

PI Ii 
~

I i~'ll OW



The fia orientation elements from (66) are: ,

Mean errors 69 unk~owna.

c 19,0 1;. 55, p

c00 5008 00~ !5o.4 ['m~PPJ where

c- 0.307L~.3 ±.0000097~'
x~ .1004 FI 00063 p~266

;1 and

k -060279 + .0000781

qpanelr Ir f a ob raIo of unit weight a±teý' the adjustment by

formhu~a (72)"1

COMPUtations thet rsidu4is by f orrm~aa(8

v V I FinalCheck byr&~

raicrons '~ microns G(v) -(+)
-17 V'

,. 8th decimal. place

I/ 9.23 /4 -1)17

.78

6 1' -. 124 -7.70 ..10

7 8.~04 i.7 !kl -1

9 +0.38 1.36 44-l

10 4'.67 -1.33 ' U-13 I

Cvv,] u 09.Z [pLL.6i 4 09,.6

T IieU't ma n el"XrCr in ;8nd Ywere coiyntda mean'ý err(rsof"huntn



itt

A comparison of the results,, obtaI~ned tfromt eiaiýMpis No. I. And Nom `2

shove7 a suff icient agreement "between tlu twb methcdis.

FINAL RMULt

Method !IhMethod "fl3"

based On formulas' (2)bedo fornmJaas (48)'

a +190 20' 514311 -01 o51JI

K +1 2' .h 23 '8 .8ý

o + 01.30711 +030'43

+ 0.oOO 7 40. 10005~8

y -0,000279 
ý0.00279

yp

F RTSIUAIS

Method "A"!,; Met~od lIB"

Microns microns Ytilerons 1 meicrons

-9.2 .8-9.2 + 4.8

+2,2 OJ, 4,2,2 +.0.8

+ #~ + 3.4 5

-1.2 -7.7 71.2

-8.0 -1.88o17

+.3,7 + 3.1 + 3.7, +31

Ev v] ~ 408,.6 tCvvJ-//4&09.2

IN
I~it

Oil- 
iirmprw-fI6



r'a'rý c, I (A spattiA'a re"eciOn iP'or an tp'oiately, vcrtical iotogrwph~.)

L~EAST, SQUAIRES -AIM1ISTMNT OF TI-IV (1)']TIVAL ',0VJ'PV)N BlASED ON11 FO"ZI-TJLA. (148)

Thecopuation Collupoey su ch numerical. jsteps a,,, are 'aitable

.6- 1-croi computitig de-flos., given in formulae (73) to,(75).

i'iements of interior ori-.tentation as obiaifted frm g. Camera caJli~ila-
tion, wid as~swied as. freci of orrors:-

0U.16999

4 Frst approximations of' the iinknowns taken directly from the photograph:

0C0

Zm 2 6 02

AuxiliarY unknon r~ 7)
0I 0 '00

r-ine a ,, r *Cos~ *-

0 -sin~ ca 0 cs,-1

to B ill k 0 4 47' 9 '34546 t ".WCOSK +.06736614

Aux.iarieAY",rom fo04 as (73):

A0  to= ~ 14 0u
A +40764A' =+.9 1345o 1)

0 0 0

B0 - .15hh 'O''-140766

I' 4

q 
If

V.. UI



Coordinates of ground

Con~traJ points :rOmn '(

'37 3-218-415 290.8 4i46.1 +5904931i2 +468.627028 +2153.90 +.04663445 -.b36981'96;

3,0 750-95 i25.8 1435-9 +5$1.47880,1 -25. ý47020 +2164.16 +.o04331865 .',0020082~

39, 273.20 _1,0 44.1. +47i.o84392 - 3J03 1%.0 .07132 .0403887;,

146 10o914.25 73 8. 4 448.4 +1j .4t.5,43 +5~37.220602 .4215146 +.010387214 -.01421144w

147, 621.15 622.6 437,6,7 .8.)ý003 ,+57.92i1542, .2162.140 *.o03521456 -. oW514%3ý

1,48 120.55 3§2.1 .442j.1. .%tý.7914869 -14M2.151"U t?157.60 +.O00408074 .. 0388537¶P

~ 299! 1773 470.0 -33ek\.30838ý 4+6ý.41914 .2130.00 -'.'026839914 _A54%~1421

52 ~46§.05~ 106o.4 44h9 4,7, -42'6.3314785 +76.0290,3 '+215P.30 _@0337035% -oo6oiofpa

03 9314.8 '439.0 w14943183514 -382.54 10142 +21611,00' --03878 ,213. +403009195

Meamired ptlae
coordinates r A

+,45978 +.324 *.o6_h .07146 -0ý275%38 -.027~595

+.043105, -. 002307 +.U.o21365 +.00029871 -015784,62, -.010391

+0037465 -. 0140100 jA.000J1068 _'11,00028873 * +.021781492 .050369714

+,6010086 +.0)43-152 +.000301214 +600129178 -.01±299919 *.0077'1h4i I

+.003815 +-003612 ,.00029o144 *.00691413i ý-00559322 O.)ik-67'85

_,0o4933-'! -039M19 -. +802 ,o162. *033831492 ,1932
-0001AQ14 .oo018h842 -.030jý228 +'-0o4288%~8

-026OlP + .01432914r' -8

-0.032878 '+.0052 ýt,00082ei. =.1518141. 4 ..008217671' .T,33231434

~-037327, -. 030990 -. 001455Z-. +.00089807 +.o0320J446 :..o?38975

1269 IjA11'3-.00735 4 t;~83

k d~~~Lscriminatiopa fae~ /l

I 76



..036138 ~ '162854148 OO32O .002O :OO1

+ , 0. 7ýL6356 1 6 5586 ,10 - 100003195 +..pOQO ?17 ,6  -1,000O2 002

,.6h798, 4.1632~9 '.000032P1 +.000-,?Igo -.o00003720

1I +'.07176863 +.15481855 -.oooo3213 *.00072:18 -.00060485

,.9573 .15ý32155 -,00003197 ;ý+..00007182 -oooooiG3

,,00007198 -.oO00010}9

+.,n38q893 +.1576245L -.0M0032o5

+*61544 i+ 206406 .9034 + O?71' *.00001260

Ii ~~ii~6828 .00003215 0?07222 4i.OO0O5,67

~777046 .909572

ý.04 79OU367, 4..i6058418 00o003199 oOOj9
ff"''

+i101- -069618~34 -.00Q07)-76 , +.0000093 Y.'

+.16oi69!~ -. 0811087, C.00~7190 ,.0000D1870

+.16602980 -,p7108226 ~.00`007218 ~ 0~17

'I, ~~+.16302707 -.O736O5311~ o0T9 .. 0~1O

+.1633h6U1l 06.052850 !,00007291 .0O11

~.1QQ ~ -4.~07031624 ,,..qO0O7222 -~.00X0028q

+2i629-53L -.06503667 +.,OCur± ~ i

/01



ItI

'The observat.lon equ.ations. (74.) te'
Allb

l ax AY AZ
IN' 0

+.08361388. t,.16?85418 -.36,98496 -.3210,~ +.7,210 -e2165: 5.o645h

+.07163% *q+683 .0200829,-31~ .1.76 -2002 +.00021365'

*,06437968 4.16630279 ..08? 421 +..7190 - 20 -0016

0~'1683 !r.81%5 -4241437 -ý,,3213 ~.7,'18, -.0483 ..+-00030124

*.0"69257-a3 :+.15532195 -. o455331 -1,3197 it+.7182 -,0163ý -, 0002P044'

l+-06823 .3837 30• +?9 .19 -. 00085026

-0643ý34I4 +.16206406: -;j.451424 -.3246 +,.?291 "+0126d
1  -onoi 3094

+.0~o~yoh6 .16188288 .0601041, -.3215 .2~+167 .08~

+,,079013.6,7, +.16o58418 +.300,9193 -.3199, +.71$6 +.1795 -,.001h%513

..+a6,67714- \-.o63i144q9fl +.4663445 -. 3210 .-. 17171 +.00074496 '

I+.1551,0711, -. o61618.34 +.4331865. -. 7176 -. 3195 +.00093, .. 00029871

.ý16OL&6957 ý-.Oafl0875' +.=71502 -. 7190 -. 3201 +.1870 -. 00028873

+,16601,980 -,07108226 +o10387211. -. 7218 -. 321.3 -4.1973 +.0012.9178 ,. f
*.15544341 -. 06910452 !+.0352456 31782 = rf7 0211 +Q0,0 9 413 1

..J.6302707. -.073605331. .,,o4o8of& -i9 -. 32c a.~0 +ý.romo6521

N\ .1634L611 -. 0805285P -. 2683994 J'7291 -. 3246 -. 2U19 +.00184842

N +,1ý500305 -0#10316214 -. 3370351! -.7222 .25 -0O .0iSi

7,,,!j23 ..6o30 -.3878.213. -.71;86 -. !3199 .*.139? .*.00089807,,

/11 

a 
'

NiN t

de'lelmal.~~~~J~fi -ooy -dA a oi~ o



~ith e norvma). equatt o'rýs ~r t

00 0'

*.2 796869 -. O -00~ 54~I5 1.2507295 -. 0001203 .O14- 0" 3644"3 +IX0O09 984038011,

.*.2785281 -110685966,',, .. 0001944 ý1.24§41!96 -.O?18127O.ý --0009520110770

4i.2t353 s2L7091 .1227549 +.qb003145 .001930430958

Sq5 5.6*030266 0 +0 3118194~ -'.001i4551059i1
.60066 -.411165341 - .00130W49046o

+ ,3935782 -. 00126376883

+.0000139146912

So~t1~X1 f he ra1~qutins giv~:and from (75)

l .$007COTUL A X .3.6r -. 0107007M

AG "Z.00356141 A . ! +17.033 A a - -00356411 F

-O!-324- +32j?9 A t +- 00541912

2nd aproximations Trom, f omulae (66) ;and '('73):

x '581.56 F\ r0 --. 01070070 r~ r -. 99~994275

.!657.03 !\"" .o~ 6-411 o s' -s +- 9999936
V!'

Z0 =6.1t 0 -. 986~ (~,'
5"o 

1 t t o 4, *.3 ý\3 1 . 0 0 8

A +- 391435255 A' .1863 D *~0~006

Boi *-,-18958714 B - +,39433758 'o "- -b63561411,

Cv -,w00941461 C -*031238596 F 93h

II ~ S II Y

~S5 .. .5 - '

N5

I fS . .



'L~Y 457O'ý ~~3 8,671, 6 -2 1 'ŽU 33 . oh!$98oB&, ~03626317 .0000028~6 -ilo0lh31

*ý.52U1 ~.1`8'6uKL +2196o17 +.031h -.0)2o5~619 +.00001249 ~.00005081"

+484.251522 -5178065hO) +?197.53 + 'W --)929 -'.O01406 h 494 OO0w!71 .0'ooooho6'

412.L67) 2732'' 27.1 oci066 +.04119295 .+.00001966.'ooh9

. +40*325142 +47.466321 +219h.09 +.00382153 ,+'.00367752 +.000O0653 +.00006552

+63.727711 -503.482241. -P-195.471 +.0004934i28 -".63894343. +,00000328 *.00003551

~338.615809 #549.506607 +2156.41 -42669765 +.64332475 ..OooOOii15 +*0000367ý

-422.'057556, +5'.072470 +218.30 -.032816± ,.004k60144 +..Oooo8 tl) .9000 4

-W8.527186- ý4.00 210049,:+'2190.22 -003731419 -.03094854~ + 000018 .00Q014146

fAjl-.oooo6405 [11"],,, 0273

" ~dis criminatiort. factor w',.00002598.

a fg

-.051475o4 -.62794687' +.08108624 +.1637741L8 -.0000309T, +.00007157 -.000,021.01

-061492960 -*04051315$ +.07061223i +.16649084 -~.00003073 *.00007106 '-40900096

+-.02203737 -.05021903 *.o6203453 +.16728114 -..00003069 + .000073103 -.0000160.7

'All

-.00488649 \x~.00206166 *.06715614i 4 015626M.k -.00063057 *0000711491 -.00000167

-!-.033,0661. -4191007 6 +0.065~91113 +.1567926' 00O603056 6600071115 -.00000217

-.0202850 ..043161906 i4x6258839 +.16275129 ,-."00003095 ' ,.000072U n.1 o01di, \\

W *+.00873581j '4.03202652" +,67;94+16240O873. ((-..00003056 +060007164~. +.Poo00151

*..0431ý0 .02081 +'076 8 3.1606288 -.00003031' +,00007112, 60 00Q70iý

+ i\281 01,69984:.

1/
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b if

+A3617030683 -. 06106881 M,0C12 -k DOpO 3080o - .00001,

+-.155M,98 -. 0675-71,56 ~ 00711. ý,.ooooo50, +,.o00019Yý

+.161279 -447886-704 -.0O0007069' -Oo3b~ +00110

+.16631661. ,.68190 .0007193- -000011.ooi0

*. 5830~ --ý.066892 7-100007121 -. o~6003p56 -oooooo6A~s

+ .l6396546 -.07159913 -7000'9 -J.00003010 +.0000118'3

+ ~yl89 -,.0776d117 -0076 -.000031316 -. 0000i2

+ .15609452 -'.'6790079 -60d007ýk!60 000 3,72' 9~000001.3

ý+,1642039 -. 06301284f~ .00P.07 6 9 - 0000 A-4- +.0000lJ4~95

'I'T



~eobsejrvatiof e quatiofW (714) ~re:

A.II

0' 0 0

I! O""

+ Q81036214 +.163771418 ý.J23l -3097 +75 .1J ýAUVU

p,70B1223 A'+,1661490814 + .0225619 -.3073, + .719j6 - 196 K .0129

+ .620~1~3 .172111 + 140~1214 -106 + .7'j 03 .67/; - .00,00-"71

+.0,69667,7 +.1$5BO)2L9 -. I14119295 "-306 13-717 .o$1 +0()96 *x

5 6i 1-41 -. U036152 -.35 + .71.19Y+,oo0~

+.0-6591113. +.156792(?3 7.3931313061 -5 27~ .oo02

+.06258839 +.1627ý1.29_` ,-43321475 -309 5 +72149 .12145 +.0012

+.08733h .621O87 "'016011414 - .30e~6 + .71614 A5L~14 + 0018

+.17 5Q1281
.s-.763998 ~+ ,39h8~ -.331 .7112 +10~ -. 00(0. 8

:+ .16703683 -. 06106881 + .4598086 .7182 - 63080 17 +00131 '

+.i8698~ .o6~7 48+.43117149ý -. 71111 -. 3052 +.0190' +.00065081 .

+ .61279~ - .o78867014 +~ 374.5929 '709 -.3o144 +'-1910 + 0oooo04506

+ .16631.661 - .P687198 0  + .Ioi566 - 73 -. 08 -. io4 oo009

+ i563o589 ~.16698927/ý + .038215~3 -7L1 -. 06 -08 .00

+.196~46. ')28 ~ '96 47 1863- +00006'Jf57
6Pq'16546 +.049342 -. 7,99 -. 304

+ .16729 - .677641,17 - .269"785 -ý .y65 .. 311"' .1920 -t.00003075

+ 15609042 -.06796079 -32 8,?2 -. 760 3Q~-.12 3 +.00411

4 .16420359 - 063612814 - .ý731?41 - .7091 - .30o44 + .149ý +oooohi-46,

hodcja on in tho crioieflts in til Coe AiY and A Z", wa~Z mov-d

::Qnvenienc T%± *Ume~' c r p ./

82 [ .I
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The normal equatitaull arel.

-. 0010686 -0 181o~708
+.2789547~~3987 0001 0689).i 1 P3- 96U ý3 434876 179

-- 0(28 1i?6i2V- -

18_066598058833000C)0i369322

.1/

Eo1J 223ý.738108$ ,3.355624b:,5 '-1.86633 `565-34j65789 -4s14170604 .. 690

.i8 3'\3 556248*-2598-9118114 *5.9,2279i0 +42*'1574868 +586.6886728 -28.1769701&

-1~61233 5992 2 79lT 0'~8.11-0452P206 -1-0366515B +.0.0624i6 40'1

-21~7i -28.1769704 +o.062464.6, -5.0731714 +628664j

~ 47.262439 :J ' ±3 1079104&75

50952 1*56456

r3 
33 

7

"The solution, of,, thi ngrmal Gc-ktosgivea:

A~~~~~~~/~~ - 21L. .O292Ar - 0,00029126 /

&Y A'(1- -0~..00020777" A~ 0,00020177

83



Final'solutivn .-

X ~~ 1.06-r j 66J F

yo 65-6 1Jj.~wJ.L+11e

-- 4teE
Z 263;.,: 09.17u f1h3

r --. 01099196 0.0,00h46837 - a J' -O 7 .47.3 "1~66
0

s-.037T188 .0.O0005021'.- 'AO 2 ~,±i 4h2

t U+.18760 (.100007602 A 660 41i,6 36.9 i0 15f
me- an error of an Qbaervation of ,unit weight after the adjusztment 'j

JI

'~Computation-o rei,-aiiao

4% Final. Chdckiý 114., 4

v :G-(Iv) 0 -(4 +v

mirns icrons / 8th deQa1io~ place 4-

HIT

4 ~-0933 *1 05 . -8

.+6.70 +4!.6-13

-13.3543 +*5.3 - '-

*12i7 .07 45 -4.

-0Oa43 4-19.18 1.-23

-2!;i81 -9.72 '0-3

-7.2 1,60 i+10

+ 44-6.26 0 20 :,.. .;

Evvl - 1178.

t 
T; ;, 1 a,1 7

'if

k4y 4 4 , 44 4
4 .. 4 '4 4 44W



Boi~igof a third iterataon,

c U.J6999 'A;

X01 582 .79 r -0.01099!96 -Q .999939148

0 . '0
=.657.614 SP -0.00377188 . -+0.99999289

z 1r .0 t0ý +0.9189765o t +c) 0.39,4312 30

0 II

0~ 869 Ot 0
0B - +0-39h3b950 1 -0 .00; 77188

C~u -0.p0663530 0 o1586 s 09,993227

KX-Xl Z4 q

1 +635.%" -366.' 2185.9 +5A9 .670,1506 +14614-7937962 11+2180-.15

2 +168.16 -513 ý'P4 216. +556.9615938 -29.7369414 +2196.11.

,~ -09.59 -6"6.. -2191.9 +14814.1714B01J -518 6963914g +2197.614

h +i1461 +80.76 -218j.6 +129.3626399 +527.1'321309 +2177.53

',,3 3~ -35.014 :1-2194-1. 19 .2,3225:19 446.8'625093 +2193.96.

6 46 .24 ,;,265 -54 -196 ,3.6" 5 6' -5014 0850682 + 2195.5' l'

7 +14`.16 419.66 2120 -338M70148146 +58,62A1 +1 6.06

-136.;74.' +1402 47 -218232.3 !221494b3 +58.14080I9 ~12.

'-.582.79. 477.16 -2393.O, 1,'-.4826738 -1400.82713 +2198;21

A'MI85 274".,'
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JL N

J,.

.OhTtl~h ..,02017 ~ .O00066)(ý +.oooqo521

* ~ 1 .0~976O036h06 -1.00000hi + .000076 1

3 +.O3 .4i9 + .04000985c -. 003$.3510011

* +.1009 7). + ~o~.iio~h + .xoo 1o273- -.p0OO60i6-6

14 W 0381456, 4,.0036W0 -.-ooodoo0W +.0001895

+ ~~.0492319 -. 039W-9014 -. 00000281 x.000100)4-

I,/ 
.26108 + .0)432818)4 -,.o0000118 -.O0000216

8 -. o32885,73 +.*0455335 --.000007731 +.00000135

11 #I 9 -03732o56 -00o99,646 +.ooo00644i -. 0OOdO646

* V 
I' [~ ] *.0000028 [A J --000 002l1A

discrimninationfl actor 1- 0.00000013

if the ,Prertab)J.shrd discrimiflatidfl cons5 taft was 4 0 ,00O0O0-15h

iterat. jilb topped' at 'th-.Ls stage, I. V
4t o %7,l . . I,

4¾)f



A ocsmpar son vof the effort involved ilt~he dIX J'W it nw ~ic~u
solutions -for the 'orientatio'n o1f 4 15hotogrwmretric -camera show~s that, the
Solui on''05bied cn the general exxressions expl~icit i~n thI terms ,,of the ob-.
sorved platia coordinates -(formulas (h).), pages 17-Jif1& alld nutmeric6A
cxamiollei"Nosa 2 'and 3) isthe irositl econoniical, solutionl ',?id mited\\f o2-
electrornic 6aputina, dev s, ThIs f~atoecnt~ is bslte ~~c
gained fromn a large~nwnber of oriontatlions comnputed by tC ýdiffbrent

,Methods. ýt may ba, seen: directly by comparing the chw~aotcaistios of
Uhis, solution iiith~'hose of otbp~r possT.bic~ aroac~jes as 1D'utlihnd in '"*

the present Irepbrt 'a3 wail as ýjMy*, levart !i'O. 784.15

-(1) Thii formulas do not restr~ict the problemy to, theii-or~ective
relatio of jw pla.ess bu~ xrelgt the imapge~ lnlaeki(the p0hoofotogr& 0h) to

Athe. objecV, -Spaqe. 0
M , .; I I

* ..(2) Thi~ solution has variables with ph~rsic al rear~nggs derived
frm Instrwieint readings (dil an. levels),or independent capiera cali.
brati~o procedui~eso

(3)' Consequently, there are no additional transformations necessa7"'
±~om PlA~e constants toorientation elements-sand vice ver'sa. '

(4) Furthermaore, the sklution may be reduced ',to the actualnnr~
of un~kn¶wns,9 thas reducing the inumer'ical work to a r~iimn

(5) No additional oorkditicin equations need be bintroduced'.

* (6)" No additional weights, are necessary, ,

.' ()The residuals v and v' are dire6ctly obtained from th~e obseJva
tional equations*

(8) The moan ýx:rors of the, orientation elemients are directly o1,':
litainedl fromý the general solution of th~e normal equations., /

'1 (9) The solution, a,a suifted for "'lectronic~ computing, deviceis.'

qi

2C omPx e (1
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After codind the qriont "son pzrob~bii for c, *ingle photogran-letric
camera b~aod 'on f ormu)S- 6h' -(~) h correspOnding obnputatioshv
tbeen succocsfull.y c6arried oton tho Crib=C cLmputer ,'At the Ballistic
Research Laboratories 0 A' ai,"gl4' iterat~ionl cazryý, fix awu or.,
n-' 10 points take-. 35 ziecorA4-. In general, -it will be,ýJossible to ob-
tain approximate vaiunq for' the uidinowns which, will, makO 'the s oluti~n

7 'o~rregei z..s±eain'~ ess. Printing out the ieutonIM
,,ards and tabulating iAboiit'75,answerrs (20' residuals v atid v',2 1t

* Lznd Aj values for the, final c~heck 6'ixnkn:&wns.ami. thei. meanero,
21 weight ooefficientsj,~~, [11.63 and the irkýan error; of an ob-
servatit'n of, imit. vight) t~kes anote t~'econds. "Thu.6 the required,,

* t:Lme for the ans1Yticaj, '.solution.of 'the, orlentatj-onjprdblem for either a
"spatial resection or - amraiclbaiorae bodt 3 M.nts ree
less * On the, f ollowing page a cop Is, given, of the orig~ial print of
!the result of.- examrple'No. 3'"as obtainhed from the MDYVAO 41fter 2- ite-r'L
ýations * The result shows comuplete oagreement with the. corresponding hand
* oputed values ion' 'ae83,

The IB3M-output. Jis 'in the floatingA-ecimal, point systemi. The last
two figures determnine the position of'tedecimal point with respect to
the number given' in the f irst spven 'figT' es.' The number of t~e -last two

digtsi-icteshwmn plb~ces the decimal point must: be6 moved* No
~ig~in~rnt f tes lit Wo figue fiates 'that the,' decimal point

* Must, be M~oved to the right, 'a. negative sign. nicates a corresponding
ýdisplacement to 1t,: t e.

Ii

I" /1" .00).97 6 --0l - blo0100976

V,46hW rb-

1.3618,3 r.6 i.0 8

#I

' s'



IrrZ

Ill 
.

lb -

rq "-./. ) ") '0

lb 
-i .. 

*" *n0h

'o o ri

C HY

0-4 CY
'0o~

CY' C. c 2
-k av



I,ý

IfP I am indebted'to Mr. Jolm,.CroszLer for his'effo'rt in aetting, up a
gen~era;. code for the orientatio~h. problem and 8uprvi sing the phase oll

" 'el-ectrdnic computIng which wa.1 p'erformed with-'the assistaMe of Miss'
Robbrt-. Wooten., ¶!ýhe wrliting 6f,,,tbis paper v~as decidedly helped by the\,
teasairng and the large aiiio-uun of hand computinmg carrl-exd oimt lly Mr zs.

~dnaLeiie~Mr sý Marjorie Mar~fiall anid Miss 4'hrt.7

HMUOT. Ii.. scmmf
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